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High harmonic generation (HHG) is understood through a three-step model. A strong laser
field ionizes an atom or molecule. The free electron propagates in the laser field and may recombine
with the atom or molecule leading to the generation of extreme ultraviolet or soft x-ray light at odd
harmonics of the fundamental. Since the wavelength of the recombining electron is on the order
of internuclear distances in molecules, HHG acts as a probe of molecular structure and dynamics.
Conversely, control of the molecules leads to control of the properties (intensity, phase, and po-
larization) of the harmonic emission. Rotationally exciting molecules provides field-free molecular
alignment at time intervals corresponding to fractions of the rotational period of the molecule.
Alignment is necessary for understanding how the harmonic emission depends on molecular struc-
ture and alignment. Additionally, HHG acts as a probe of the rotational wavepackets.
This thesis reports three experiments on HHG from rotationally excited molecules. Before
we can use HHG as a probe of complex molecular dynamics or control harmonic properties through
molecules, the harmonic emission from aligned, linear molecules must first be understood. To
that end, the first experiment measures the intensity and phase of harmonics generated from N2O
and N2 near times of strong alignment revealing interferences during recombination. The second
experiment demonstrates HHG as a sensitive probe of rotational wavepacket dynamics in CO2 and
N2O, revealing new revival features not detected by any other probe. The final experiment focuses
on understanding and controlling the polarization state of the harmonic emission. Generating
elliptically polarized harmonics would be very useful for probing molecular and materials systems.
We observe an elliptical dichroism in polarization-resolved measurements of the harmonic emission
from aligned N2 and CO2 molecules, revealing evidence for electron-hole dynamics between the
times of ionization and recombination.
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Chapter 1
Introduction
1.1 Why HHG?
High harmonic generation (HHG), a source of extreme ultraviolet (EUV) light and soft x-
rays, has found many useful applications in recent years. Light in this energy range has typically
been generated from synchrotrons, but HHG has an advantage in that the experimental setup fits
on a typical laser table. In addition to providing access to light in this energy range, HHG can
be used to generate attosecond pulses [87, 7] useful for examining ultrafast processes. This EUV
light is useful as a probe of many molecular and materials systems [78, 96]. Alternatively, the HHG
process itself can be used as a probe of molecular structure and dynamics, including rotations,
vibrations and dissociation [37, 64, 124].
Furthermore, the molecular structure and dynamics of the generating medium can be used
to control the EUV light. In typical experiments, a pump pulse creates an effect in the molecular
medium, and a second (probe) pulse generates the harmonics. The state of the molecules modulates
the intensity, phase, and polarization of the harmonics. Additionally, the probe pulse properties
(intensity, pulse length, and polarization) have significant effects on the harmonics. In order to use
the HHG as a probe of molecular dynamics or to use molecules to control the HHG, the process of
HHG from molecules needs to be well understood.
21.2 What is HHG?
HHG arises from the interaction of an intense laser field with atoms or molecules. Very high
odd harmonics of the driving laser are generated. HHG was first observed by McPherson et al. in
1987 [77]. A key feature of HHG that distinguishes it from low-order harmonic generation is that
the intensity of the harmonics does not diminish rapidly with increasing harmonic orders. Rather,
the harmonic intensity is relatively flat over many harmonic orders, in a range called the plateau.
At a cut-off energy determined by the laser intensity and wavelength of the ionization potential
(IP ) of the atom or molecule, the HHG intensity quickly diminishes.
HHG can be understood intuitively through a three-step model introduced by Kulander et
al. and Corkum [43, 16]. As shown in Figure 1.1, the laser field ionizes the atom or molecule. Then
the electron propagates in the laser field. The laser field reverses direction causing the electron to
return to the vicinity of the ion. The electron may recombine with the ion leading to the emission of
extreme ultraviolet (EUV) light or soft x-rays. The reason that the process itself can act as a probe
of molecules arises from the third step of this semi-classical model. The recombining electron has
a deBroglie wavelength which is on the order of internuclear distances in molecules. Consequently,
the recombining electron is the probe that allows the molecular structure and dynamics to leave a
clear signature on the EUV light produced.
1.3 Outline of thesis
This thesis focuses on the harmonic emission from rotationally excited molecules. HHG has
proven to be the most sensitive probe yet used to study rotational wave packets, in particular
because of its sensitivity to higher-order moments of an alignment distribution.. Additionally, rota-
tional wavepackets provide field-free molecular alignment which is essential to understanding how
the HHG process depends on molecular structure. The second chapter of this thesis presents the
current state of molecular HHG theory along with a brief summary of experiments to-date. The
third chapter describes the theory of rotational wavepackets. The fourth chapter discusses the ex-
3Figure 1.1: Schematic of the three-step model. After the laser ionizes the atom or molecule, the
electron accelerates in the laser field. Finally, the electron may recombine with the atom or molecule
leading to the generation of EUV radiation.
4perimental setup. Then the fifth chapter presents measurements of the intensity and phase of HHG
from aligned CO2, N2O, and N2 molecules. Interferences during recombination are able to describe
the dominant features in HHG from CO2 and N2O. However, we show that more complete theories
are needed in the case of N2. In the sixth chapter, we demonstrate that HHG obtains unprece-
dented resolution of rotational wavepackets in CO2 and N2O due to the highly nonlinear nature
of the process. In the seventh chapter, we explore controlling the input laser polarization along
with the molecular alignment of N2 and CO2 in order to manipulate the polarization state of HHG.
Finally, the eighth chapter summarizes the results and suggests future directions of research.
Chapter 2
Molecular High Harmonic Generation – Theory and Experiment
In order to understand how to extract molecular structure and dynamics from the HHG signal
and to understand how to manipulate the harmonics, we need to understand the HHG process
under a variety of conditions. Velotta et al. first demonstrated the sensitivity of HHG to molecular
alignment [114]. Itatani et al. later demonstrated the ability of HHG to extract the structure
of the highest occupied molecular orbital (HOMO) of N2 by measuring the intensity of HHG as
the molecular alignment changes [31]. To-date, this tomography has not been extended to other
molecules. We can gain more insight into the process by examining not only the intensity but also
the phase and polarization of the harmonics. Additionally, we must examine these properties under
various driving laser, or harmonic generating laser, conditions in a variety of molecules undergoing
different kinds of dynamics. In this chapter, the current state of molecular HHG theory and a
summary of experimental achievements thus far are summarized.
2.1 Theory
2.1.1 Lewenstein model
The three-step, semi-classical model provides an initial understanding of HHG. The first step
is ionization of the atom or molecule in the strong laser field. The electron then propagates in the
laser field. Half a laser cycle later, the electron may recombine with the atom or molecule leading
to the emission of extreme ultraviolet (EUV) light at odd harmonics of the driving laser frequency.
The Lewenstein model calculates the time-dependent dipole moment which is responsible for the
6HHG [62]. The electric field is calculated from the second derivative of the dipole. Finally, a Fourier
transform reveals the spectrum. Derivation of this model begins with the Schro¨dinger equation in
the length gauge.
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∂
∂t
|Ψ(~x, t)〉 =
[
− 12 5
2 +V (~x)− E cos(t)~x
]
|Ψ(~x, t)〉, (2.1)
where V (~x) is the molecular potential and E(cos t) is the laser field. Next, in writing the wavefunc-
tion, several approximations are made. First, only the ground bound state |0〉 is considered. In
molecules, this is called the highest occupied molecular orbital (HOMO). Second, depletion of the
ground state is neglected. Using the strong field approximation (SFA), the electron is considered as
a free particle when in the continuum. The continuum states are labeled by the kinetic momentum
of the electron |~v〉. Finally, the continuum-continuum transitions are rewritten to reflect only the
most singular part
〈~v|~x|~v〉 = i5v δ(~v − ~v). (2.2)
The wavefunction then becomes
|Ψ(t)〉 = eiIp(t)
(
a(t)|0〉+
∫
d3~vb(~v, t)|~v〉
)
, (2.3)
where a(t) is the coefficient of the ground bound state and, neglecting depletion, is ≈1 and b(~v, t)
represents the amplitude of the continuum states. Recall that IP is the ionization potential. b(~v, t)
can be found by solving the Schro¨dinger equation
∂
∂t
b(~v, t) = −i
(
1
2v
2 + IP
)
b(~v, t)− E cos(t)
∂b(~v, t)
∂vx
+ iE cos(t)dx(~v), (2.4)
where x is the polarization direction. The solution to Equation 2.4 is
b(~v, t) = i
∫ t
0
dt′E cos(t′)dx(~v+ ~A(t)− ~A(t
′))× exp
[
− i
∫ t
t′
dt′′(12(~v+
~A(t)− ~A(t′′))2 + IP )
]
, (2.5)
where ~A(t) = (−E sin(t), 0, 0) is the vector potential of the laser field. Neglecting continuum-
continuum transitions, the x-component of the dipole moment is
x(t) = 〈Ψ(t)|x|Ψ(t)〉 =
∫
d3~v d∗x(~v)b(~v, t) + c.c.. (2.6)
7Using the canonical momentum ~p = ~v + ~A(t), the dipole moment becomes
x(t) = i
∫ t
0
dt′
∫
d3~p E cos(t′)dx(~p− ~A(t
′))d∗x(~p− ~A(t))exp[−iS(~p, t, t
′)] + c.c. (2.7)
where the semi-classical action is
S(~p, t, t′) =
∫ t
t′
dt′′ (12 [~p−
~A(t′′)]2 + IP ). (2.8)
This is the three-step model, where E cos(t)dx(~p− ~A(t
′)) describes ionization at time t′ and d∗x(~p−
~A(t)) describes recombination at time t. The phase acquired in the continuum is S(~p, t, t′). From
Equation 2.7, the time-dependent electric field and the harmonic spectrum can be calculated. This
can be generalized to other laser pulse forms and other laser polarizations [62].
An important parameter to consider in harmonic generation is the maximum energy harmonic
that can be generated, or the energy cutoff, determined from
Emax = 3.17UP + IP , (2.9)
where UP is the ponderomotive energy and IP is the ionization potential. Many larger molecules
tend to have relatively low ionization potentials meaning that fewer harmonic orders are generated
and less information on the molecular structure is available. However, since UP is related to the
laser wavelength, use of longer wavelengths helps to compensate. Table 2.1 lists a few examples of
molecular ionization potentials IP .
Recall that the three-step model utilizes several approximations. First, only the ground
bound state, or the HOMO, is considered. Additionally, ground state depletion is not included,
Molecule IP (eV )
N2 15.581
SF6 15.32
CO2 13.777
N2O 12.889
O2 12.0697
N2O4 11.4
CF3I 10.28
Table 2.1: Ionization potentials for several molecules [82].
8and the molecular potential is neglected for the electron in the continuum. However, many of these
approximations work well for atoms but not for molecules. Therefore the Lewenstein model needs
to be modified for molecular HHG. Alternatively, other forms of models may be used. Note that two
of the three steps should be very sensitive to molecular structure: ionization and recombination.
However, many studies focus solely on recombination because this step has been shown to dominate
the molecular “fingerprint” in HHG [111, 74].
Smirnova et al. eliminated several of these approximations in an expansion of the Lewenstein
model [101]. They include not only recombination but also ionization and propagation. Addi-
tionally, ground state depletion is allowed. Furthermore, multielectron effects are considered by
including three ionization channels and using Dyson orbitals. Finally, rather than modeling the
recombining electron as a plane wave, they use scattering states. This model predicts dynamic
interference effects and circular dichroism. Polarization measurements may help to benchmark the
theory.
Etches et al. made minor modifications to the Lewenstein model in order to explain ellipticity
in polarization measurements of HHG from N2 [22]. In contradition to experiment, the standard
Lewenstein model predicts linearly polarized harmonics when the driving laser is linearly polarized.
Typically, only electron trajectories that begin and end at the same atom are included. However,
Etches et al. included trajectories that begin at one atom and end at another. This added a
slight ellipticity to the harmonics when the molecules were aligned along an axis other than the
laser polarization direction. Including these trajectories was not enough to account for the full
polarization, however, suggesting that this modification is insufficient for N2 molecules.
2.1.2 Two-center interference model
The Lewenstein model typically provides more physical understanding than an exact calcu-
lation of the time-dependent Schro¨dinger equation. However, in one important case, Lein et al.
gained insight from solving the time-dependent Schro¨dinger equation in the case of H2
+ and ex-
plaining their results through a two-center interference model focused on the recombination step
9[59, 58].
In this model, the electron may recombine to either of two centers of electron density. The re-
sulting interference effects depend on the deBroglie wavelength of the electron λB and the molecular
alignment. Constructive and destructive interference occur under the conditions
nλB = R cos θ (2.10)
and
1
2(n− 1)λB = R cos θ, (2.11)
respectively, for a symmetric molecule, where n is an integer, R is the distance between the two
centers of electron density, and θ is the angle between the direction of the recombining electron and
the direction of the molecular axis. For an antisymmetric molecule, the conditions are reversed.
The symmetry conditions are, in fact, defined for the sign with which the atomic orbitals are
summed using the linear combination of atomic orbitals (LCAO) method, rather than the physical
symmetry of the orbital. This model predicts intensity minima and corresponding pi phase shifts.
Harmonic intensity and phase measurements benchmark this model. Chapters 5 and 6 include
more detail on the two-center interference model and its experimental tests.
2.1.3 Quantitative rescattering theory
Le et al. developed an alternative model of HHG called quantitative rescattering theory
(QRS) [49, 50]. In this model the HHG is modeled as the product of the recombining electron
wavepacket and the recombination dipole, which is calculated as the inverse process of photoion-
ization. The induced dipole corresponding to harmonic emission is given by
D‖,⊥ =W (Ek, θ)d‖,⊥(ω, θ), (2.12)
where Ek is the energy of the recombining electron, θ is the angle between the laser polarization
direction and the molecular axis, and ω is the emitted harmonic energy. The recombination dipole
d‖,⊥ is calcuated using sophisticated photoionization calculations. The parallel and perpendicular
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Figure 2.1: Schematic of the two-center interference model. Interferences arise because the electron
may recombine with either of two centers of electron density.
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components of the dipole lead the harmonics to be emitted with polarizations both parallel and
perpendicular to the driving laser polarization. The electron wavepacket W is calculated using the
strong field approximation (SFA). To-date this model has matched significant features of intensity,
phase, and polarization of molecular HHG without including multiple ionization channels.
2.1.4 HHG from rotational wavepackets
Since this thesis focuses on HHG from rotationally excited molecules in particular, here I
highlight two theories of HHG in this case. In a rotational wavepacket, molecules periodically
become aligned following an excitation pulse leading to modulations of the harmonic emission.
Abdurrouf and Faisal [1] and Ramakrishna and Seideman [90, 91] have both developed theories of
HHG from rotational wavepackets. Abdurrouf and Faisal developed an ab initio S-matrix theory for
dynamic molecular alignment and the HHG from the rotationally excited linear molecules. They
find that the harmonic signal for N2, for example, is
S(t) = C[c00+ c01〈〈cos
2 θ〉〉(t) + c11〈〈cos
2 θ〉2〉(t) + c02〈〈cos
4 θ〉〉(t) + · · ·+ c44〈〈cos
8 θ〉2〉(t)], (2.13)
where as usual θ is the angle between molecular axis and laser polarization direction, and the
angle brackets correspond to expectation values and thermal averaging. These parameters will
be discussed in more detail in Chapter 3. Ramakrishna and Seideman developed an analytical
expression for HHG from impulsively aligned linear molecules. Their model includes the correlation
between the rotational and electronic motions of the molecules. They find that the lowest order
terms in the harmonic signal from N2 are proportional to 〈cos
4 θ〉, 〈cos3 θ(5 cos3 θ − 3 cos θ)〉, and
〈sin4 θ〉. Both theories present results for N2, with a σg symmetry, and O2, with a pig symmetry.
These results can be extended to other linear molecules. Note, however, that the calculations
of the two groups do not agree with each other, so comparisons to high-resolution experiments
are required. Ramakrishna and Seideman have additionally extended their theory to predict the
polarization of harmonics when the aligning pulse and harmonic generating pulse are not parallel
[92].
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2.1.5 Application of theory
To fully understand molecular HHG, the theory needs to predict the intensity, phase, and
polarization of HHG from many different molecules undergoing many different kinds of dynamics.
These properties must also be predicted under various driving laser conditions. Early models
focused on the intensity and phase of the harmonics. However, in recent years, the models have
been adapted to predict polarization as well. For example, Smirnova et al., Etches et al., and Le
et al. all predict elliptically polarized harmonics even in the case of a linearly polarized driving
laser [101, 22, 50]. Models are in development now that describe molecular HHG in the case of
an elliptically polarized driving laser or an orthogonally polarized two-color driving laser. Models
of HHG have also been adapted to various molecular dynamics. For example, the contributions
of multiple molecular orbitals to the harmonic generation process aid in explaining HHG from
molecules vibrating with a large amplitude [64]. The two-center model has been applied to a
variety of linear molecules and even used to describe dissociating molecules.
2.2 Experiments
In order to assess which models are most accurate, we need to measure the HHG prop-
erties under various conditions. This section briefly summarizes the experimental measurements
of the intensity, phase, and polarization under various experimental conditions. We begin with
measurements of the harmonic emission from rotationally excited molecules, or transiently aligned
molecules, which are the emphasis of this thesis. In these experiments, the pump (aligning) pulse
excites a rotational wavepacket, and the probe (driving laser) pulse generates the harmonics. At
specific time delays, the molecules will become strongly aligned. Chapter 3 contains details of the
rotational wavepackets.
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2.2.1 Intensity measurements
Itatani et al. measured the HHG intensity from aligned molecules in order to perform the
tomography of N2 [31]. In their experiment, they chose a time delay corresponding to strongly
aligned molecules and then varied the relative polarization of the aligning laser pulse and the
driving laser pulse. However, the tomography required assumptions about the harmonic phase.
Additionally, Itatani et al., Kanai et al., and Vozzi et al. measured the intensity as a function of
time after the aligning pulse in order to observe how the HHG varied during rotational wavepackets
in small linear molecules such as N2, O2, and CO2 [32, 37, 116]. Recently, Kajumba et al. made
similiar measurements in larger molecules such as allene, acetylene, and ethylene [33]. Torres et al.
extended these measurements to higher harmonic orders by using a longer wavelength driving laser
(1300 nm) to extend the harmonic cutoff [113, 112]. More details of this variety of measurement
are described in Chapters 5 and 6. While intensity measurements provide initial insight into how
the harmonic emission depends on the molecular structure and dynamics, phase and polarization
measurements are also needed in order to determine which models are correct.
2.2.2 Phase measurements
The tomography experiment made assumptions about the phase of the harmonics [31]. In
order to completely understand how to extract molecular structure from the HHG from aligned
molecules, the phase of the harmonics must also be measured. Additionally, phase measurements
help to benchmark theories of molecular HHG. There are four major techniques to measure the
phase. Some measure the relative phase between harmonic orders, and some measure the phase as
a function of molecular alignment. The first is the ‘reconstruction of attosecond beating by interfer-
ence of two-photon transition’ (RABITT) technique, which analyzes interferences in a photoelectron
spectrum “dressed” by a laser field and thus measures the relative phase between harmonic orders.
Boutu et al. observed the harmonic phase for impulsively aligned CO2 molecules using RABITT
[11] with krypton acted as a reference. This technique measures the phase as a function of har-
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monic order, but not directly as a function of alignment angle. Additionally, RABITT techniques
are complex to implement due to the stability required between multiple beams.
Techniques which measure the phase as a function of alignment angle rather than as a function
of harmonic order are complementary to RABITT. In one such technique, harmonics are generated
from a gas mixture containing molecules and atoms with similar ionization potentials. Since the
atoms cannot be aligned, atomic HHG acts as a reference for molecular HHG as the molecular
alignment is varied. Interferences between the harmonics generated in atoms and those generated
in molecules appear, and can be used to extract the phase of the molecular HHG relative to the
atomic HHG for each harmonic order [118]. The major difficulty in this technique is accurately
determining the ratio of atoms to molecules in the gas mixture in the interaction region.
In a more direct technique, the probe beam is split in half. The aligning beam is only over-
lapped with one of the probe focal spots. Thus, one probe beam generates harmonics from aligned
molecules, and one probe beam generates harmonics from unaligned molecules. The harmonics from
unaligned molecules then act as the reference for the harmonics from aligned molecules [131, 67].
Our measurements using the above two techniques are discussed in more detail in Chapter 5.
Finally, Mairesse et al. first demonstrated transient grating spectroscopy in molecular HHG
[75, 72]. Two molecular alignment beams cross and interfere in the gas interaction region thus
creating a molecular alignment grating where the molecules in the bright regions are rotationally
excited and therefore periodically align and anti-align and the molecules in the dark regions remain
isotropic. A third beam then generates the harmonics at a variable time delay after the pump
pulses. The harmonics in the far-field then show a diffraction pattern from which the phase can
be extracted. This technique has been used to observe the phase in both N2 and CO2. A gradual
phase decrease was observed in HHG from N2 and phase jumps were observed in HHG from CO2.
2.2.3 Polarization measurements
Polarization measurements allow for complete characterization of the harmonic properties.
In order to measure the polarization, two mirrors in the HHG path are used as polarizers and the
15
polarization of the pump and probe beams are rotated together. The first attempt to measure
the polarization of molecular HHG revealed the rotation of the polarization direction but not any
ellipticity [60]. However, aided by stronger alignment and improved signal-to-noise, in recent work,
we showed that HHG from aligned N2 is in fact elliptically polarized [132]. Chapter 7 discusses
our polarization-resolved measurements in detail, including how the ellipticity of the driving laser
affects the harmonic polarization. Understanding how the molecular structure and dynamics affects
the harmonic emission is the first step both in extracting molecular structure and in manipulating
the properties of HHG.
2.2.4 Molecular dynamics
The first demonstration of HHG as a probe of molecular dynamics, other than rotational
wavepackets, observed vibrations. In our group, we measured the HHG intensity after a pump
pulse excited a vibrational wavepacket in SF6. Three vibrational modes were observed that varied
in amplitude following the pump pulse[119]. In later work also in our group, Li et al. measured
large amplitude vibrations in N2O4 revealing the contribution of multiple ionization channels to
the HHG process [64].
The ‘probing attosecond dynamics by chirp encoded recollision’ (PACER) technique measures
molecular dynamics occurring between the times of ionization and the time of recombination. These
dynamics were observed in light molecules such as H2 and CH4. This technique makes use of the
fact that the harmonic intensity is related to the overlap between the nuclear wavefunction at the
times of ionization and recollision, and ionization causes the molecule to begin changing shape. The
time resolution (∼100 as) arises because the recolliding electron wavepacket is chirped, meaning
that each harmonic order corresponds to a different time of recombination and different molecular
shape. Baker et al. used the PACER technique to observe a dynamic two-center interference effect
in HHG from H2 [4, 5].
Most recently, Wo¨rner et al. observed the dissociation of Br2 [124]. They measured both
the intensity and phase of the harmonics by extending transient grating spectroscopy from rota-
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tionally excited molecules to dissociating molecules. The two-center interference model was used
to interpret the intensity and phase of the HHG. However, more advanced theories should reveal
more information.
2.3 Summary
Multiple theoretical models attempt to explain the experimental observations of molecular
HHG. Smirnova et al. and Etches et al. have extended the Lewenstein model. Lein et al. showed
how a recombination-focused two-center interference model brings physical understanding to TDSE
calculations. Le et al. presented quantitative rescattering theory which relates recombination to
photoionization. Finally, Abdurrouf and Faisal and Ramakrishna and Seideman have focused on
HHG from rotationally excited linear molecules.
In order to better understand how to image complex molecular dynamics and manipulate the
harmonic properties, experiments are needed to evaluate these models. To that end, experiments
have measured the intensity, phase, and polarization of the harmonic emission in molecules un-
dergoing rotations, vibrations, and dissociation. Observations of large-amplitude vibrations have
provided evidence for the contribution of multiple molecular orbitals to the HHG process, and ob-
servations of dissociation utilize the two-center interference model. However, this thesis focuses on
observations of HHG from rotationally excited molecules. Measurements verifying the two-center
model are presented for HHG from transiently aligned CO2 and N2O. However, HHG from N2
requires more complete theories. The two-center model also elucidates observations of rotational
wavepackets with unprecedented resolution. Finally, progress is made towards controlling the po-
larization state of HHG through controlling the rotational wavepacket and the properties of the
driving laser.
Chapter 3
Rotational Wavepackets in Linear Molecules
Rotationally exciting the molecular harmonic generation medium serves three purposes.
First, exciting a rotational wavepacket provides field-free molecular alignment. This allows us
to gain more insight into molecular structure and into how the HHG process depends on this struc-
ture, as described in Chapters 5, 6, and 7. Second, HHG is a more sensitive probe of rotational
wavepackets than any other existing probe, as shown in Chapter 6. Finally, through controlling
the rotational wavepacket, we can better manipulate the properties of the HHG, as discussed in
Chapter 7. This chapter explains how to calculate rotational wavepackets in linear molecules and
their significant properties as well as what experimental parameters affect their properties.
Starting with a simple classical picture, a molecule will experience a torque in an electric
field causing its dipole moment to become aligned along the field. In the case of a laser pulse, the
timing of the alignment depends on the pulse length. When the pulse length is long, the molecule
becomes aligned at the peak of the laser field and will no longer be aligned when the pulse passes.
However, when the laser pulse length is significantly shorter than the rotational period of the
molecule, the molecule is given a “kick” by the laser field, and will reach maximum alignment after
the laser pulse has passed and periodically afterwards. In this situation, the laser pulse excites a
rotational wavepacket in the molecular sample [84, 104]. This chapter focuses on the short pulse,
or nonadiabatic, case.
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3.1 Calculation of the rotational wavepacket
Figure 3.1 shows a linear molecule in an electric field. Here, ~ε represents the electric field, θ
is the angle between the field polarization and the molecular axis, α‖ is the polarizability along the
molecular axis, and α⊥ is the polarizability perpendicular to the molecular axis. The Hamiltonian
for the interaction between the laser pulse and the molecule is
H(t) = H0 − ~µ · ~ε(t), (3.1)
where H0 is the field-free Hamiltonian, ~µ is the dipole moment and ~ε is the laser electric field. We
consider the case of a Gaussian pulse envelope g(t) = et
2/τ2 so that the laser intensity is described
by
ε2(t) = g(t)ε20 cos
2(2piν) (3.2)
where the laser cycle is significantly shorter than the pulse duration, i.e. τ ≤ h¯B , where B is the
rotational constant of the molecule. Since the laser cycle is significantly shorter than the pulse
length, we average over the laser cycle. For a linear molecule where ω‖(t) =
g(t)ε2
0
4B α‖, ω⊥(t) =
g(t)ε2
0
4B α⊥, ∆ω(t) =
g(t)ε2
0
4B ∆α and ∆α = αparallel −αperp is the anisotropic polarizability as indicated
in Figure 3.1, the Hamiltonian then becomes
H(t) = B
(
J2 − ω⊥(t)−∆ω(t) cos
2 θ)
)
. (3.3)
The time-dependent Schro¨dinger equation can be solved in the rigid rotor basis |JM〉, where the
wavefunction is written
ψ(t) =
∑
J
aJ(t)|JM〉. (3.4)
The initial states of the molecular ensemble are described by a Boltzmann distribution. The
TDSE must be solved for each initial state in the ensemble. Then expectation values can be
thermally averaged
〈Oˆ〉 =
1
Qrot
∑
Ji=0
wJie
−EJi/kT
Ji∑
Mi=−Ji
〈ψ(t)|Oˆ|ψ(t)〉(Ji,Mi), (3.5)
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Figure 3.1: Cartoon of a linear molecule in an electric field ε. θ is the angle between the laser
polarization direction and the molecular axis. The polarizability both parallel α‖ and perpendicular
α⊥ to the molecular axis are also indicated.
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where the partition function is
Qrot =
∑
Ji
wJi(2Ji + 1)e
−EJi/kT , (3.6)
and wJi weights the even and odd J states according to nuclear spin statistics. For complete details
of this calculation, see Appendix A. For the corresponding computer code, see Appendix B. Thus,
the molecular constants that affect the rotational wavepacket are B, ∆α, weven, and wodd. Table 3.1
contains these values for several example molecules. The other parameters that strongly affect the
wavepacket are peak laser intensity ε20, pulse duration τ , and rotational temperature T .
B(cm−1) Trot(ps) ∆α(A
3) weven wodd
D2 30.442 0.548 0.282 2 1
N2 1.989581 8.383 0.93 2 1
O2 1.4297 11.666 1.099 0 1
CO2 0.3902 42.743 2.109 1 0
OCS 0.2039 81.796 4.1 1 1
N2O 0.4190 39.805 2.8 1 1
Table 3.1: Rotational constants for various molecules [126].
3.2 Expectation values and the angular distribution
To understand the behavior of rotational wavepackets, we must first define parameters that
describe the molecular ensemble. Figure 3.2 shows examples of four different parameters in the
case of CO2. The most commonly used parameter is the alignment parameter 〈cos
2 θ〉. Recall that
θ is the angle between the aligning laser polarization and the molecular axis. The values of 〈cos2 θ〉
for an isotropic molecular distribution and for a perfectly aligned molecular ensemble are 1/3 and
1, respectively. Typical experimental values of strong alignment are ∼0.6-0.7. All cosine moments
〈cosN θ〉 are, in fact, alignment moments. Another commonly used parameter is 〈sin2 2θ〉, which
reaches its peak for molecules aligned near 45 degrees rather than 0 degrees. 〈sin2 2θ〉 can be written
as a sum of the cosine moments 〈cos2 θ〉 and 〈cos4 θ〉. Alternatively, the molecular alignment may
be represented using the Legendre polynomials Pl(cos θ). Note that all of the cosine moments can
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be expressed in terms of Legendre polynomials Pl(cos θ)
cosN θ =
N∑
l
clPl(cos θ). (3.7)
Since 〈sin2 2θ〉 is a sum of cosine moments, this alignment parameter can also be expressed in terms
of Legendre polynomials
sin2 θ = 3235P4(cos θ) +
8
21P2(cos θ) +
8
15 . (3.8)
In general, higher order moments of any variety reveal more numerous and more subtle features of
the rotational wavepacket than the lower-order moments do.
However, the full information of the wavepacket is contained in the rotational angular distri-
bution, also known as the alignment distribution. The angular distribution is given by
ρ(θ, t) =
∫ 2pi
0
∣∣∣∣
∑
J
aJ(t)YJM (θ, φ)
∣∣∣∣
2
dφ. (3.9)
Note that the rigid rotor basis functions are the spherical harmonics YJM . Figure 3.3(a) shows
the angular distribution multiplied by sin θ during a full rotational period of N2. The factor sin θ
must be used in any calculation involving the angular distribution as it arises from the integration
in spherical coordinates. Thus, to help in visualizations of the calculation, this factor is already
included. In order to make the timing more clear, the corresponding alignment parameter 〈cos2 θ〉
is shown on the left. The angular distribution is the wavefunction integrated over the azimuthal
angle φ. Like the expectation values, the angular distribution must also be thermally averaged.
Due to the cylindrical symmetry of the experimental setup and the symmetry of the laser pulse, it
is only necessary to examine the angular distribution between 0 and 90 degrees.
The angular distribution is more easily understood in polar plot form. A polar plot of three
different time delays after the aligning pulse is shown in Figure 3.3(b). A linear plot of the same
information is shown in Figure 3.3(c). The time delays are indicated by the color-coded dots on the
alignment parameter plot and the time labels. Red, green, and blue lines correspond to times of an
isotropic, strongly aligned, and strongly anti-aligned distribution. Note that strong anti-alignment
indicates that the angular distribution is perpendicular to the aligning laser direction. Also of
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Figure 3.2: The alignment parameters 〈cos2 θ〉, 〈sin2 2θ〉, 〈cos4 θ〉, and 〈P4(cos θ)〉 for a rotational
wavepacket excited in CO2 with an initial rotational temperature of 70 K, an alignment laser
intensity of 3.0× 1013W/cm2, and a pulse duration of 140 fs.
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Figure 3.3: (a) The angular distribution ρ(θ, t) with sine factor along with the corresponding
alignment parameter 〈cos2 θ〉 calculated for N2 at a temperature of 70 K and an intensity of 3.0×
1013W/cm2. (b) The angular distribution from (a) in polar plot form at times -0.36 ps (red), 4.08
ps (green), and 4.34 ps (blue) corresponding to isotropic, aligned, and anti-aligned distributions,
respectively. (c) Same as (b) in linear plot form.
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note is that during strong alignment, the distribution is centered near 30 degrees rather than 0
degrees due to the sine factor. Experimentally, the distribution cannot be centered on 0 degrees.
By comparing the alignment parameter 〈cos2 θ〉 to the angular distribution plotted in these three
forms, the meaning of the alignment parameter becomes clearer.
3.3 Fractional revivals
A key feature of rotational wavepackets is fractional revivals. The molecular ensemble aligns
within a few hundred femtoseconds of the aligning pulse. After the initial alignment, the molecules
will periodically align and anti-align at fractions of the rotational period and also at the full rota-
tional period. Fractional revivals include times of both strong and weak modulations of the angular
distribution and also include both alignment and anti-alignment. Revisiting the physical picture
to gain some insight, the laser field “kicks” the molecules which causes the molecules to rotate at
different speeds. Therefore, the molecules periodically line up. Quantum mechanically, the revivals
arise essentially because each J state has the energy BJ(J+1). Consequently, the energy levels
periodically have equal phases. More precisely, the revivals can be understood by following the
analysis of Abdurrouf and Faisal [1]. They show which revivals appear in which cosine moments
〈cosN θ〉 for a given molecular symmetry.
The cosine moments 〈cosN θ〉 are written
〈cosN θ〉 = 〈ψ(td)| cos
N (θ)|ψ(t)〉. (3.10)
Substituting in Equations 3.4 and 3.7, this becomes
〈cos2 θ〉 =
∑
J ′
N∑
s
∑
J
aJ ′,M ′aJ,M (td)cs〈J
′M ′|Ps(cos θ)|JM〉 × exp[
−i
h¯
(−E′J + EJ)td]. (3.11)
Given that EJ = BJ(J + 1), the phase for each term becomes
φ(td) = pi
(
td
Trot
)
[J2 + J − J ′2 − J ′]. (3.12)
The only terms in Equation 3.11 that are nonzero are |J − J ′| = N . Note that N is even. This
equation gives the beat frequencies that are present in the cosine moments. The difference in phases
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between even and odd J is then given by
φJ0+1(td)− φ
J0(td) = 2pi
(
td
Trot
)
N. (3.13)
At time delays td where Equation 3.13 gives a multiple of 2pi, the revival will appear in the Nth
cosine moment for all linear molecules. However, at time delays td where Equation 3.13 gives an
odd multiple of pi, the revival will appear in the Nth cosine moment for all molecules without
a permanent dipole moment. This means that the first revival which appears in the Nth cosine
moment occurs at
Tmin =
1
nN
Tr, (3.14)
where n is 1 for a molecule with a permanent dipole moment and n is 2 for a molecule without a
permanent dipole moment. This is known as the revival theorem.
Thus, the revivals present depend on the molecular structure. Additionally, higher order
moments contain more revival structures than lower order moments meaning that methods that
specifically probe 〈cos2 θ〉 are insensitive to higher order revival structures. The appearance of
additional features in higher order moments is clear in a comparison between Figures 3.2(a) and (c)
which show corresponding 〈cos2 θ〉 and 〈cos4 θ〉 for CO2. Note that higher order and thus smaller
revival features appear with increasing N as predicted by the revival theorem. Which revivals are
visible in any given measurement depends both on exactly what the method measures and on the
signal-to-noise ratio. Chapter 6 elaborates more on this subject.
Focusing on 〈cos2 θ〉 in Figure 3.2(a), we can see that the strongest alignment features are
the initial alignment, and the 1/4, 1/2, 3/4, and full revivals. For example, in CO2, the 3/4 revival
is a time of strong alignment and the 1/4 revival is a time of strong anti-alignment. In the 1/2
revival, the molecules first strongly align and then strongly anti-align. The reverse is true for the
full revival. This pattern repeats every rotational period, but will become modified at long time
delays due to the centrifugal term of the rigid rotor that has been neglected here.
However, the revival structure is characteristic of the specific molecule due to symmetry
constraints on the wavefunction. Figure 3.4 shows examples of 〈cos2 θ〉 for O2, CO2, N2, and N2O,
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Figure 3.4: The alignment parameter 〈cos2 θ〉 calculated at a temperature of 70 K and a peak
intensity of 3.0× 1013 W/cm2 for (a) O2, (b) CO2, (c) N2O, and (d) N2.
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all of which have different nuclear symmetries. Examination of this alignment parameter reveals
how these revivals differ in various nuclear symmetries. The initial, half, and full revivals in all
molecules are similar, but differences arise starting with the 1/4 and 3/4 revivals. For example,
only odd J states are present in the rotational wavefunction of O2. For this reason, the 3/4 revival
is a time of strong anti-alignment for O2. However, only even J states are present in the rotational
wavefunction of CO2 causing the 3/4 revival to be a time of strong alignment. N2O has a one-
to-one ratio of even to odd J states, so the 1/4 and 3/4 revivals are both canceled out. Another
example, N2 has a ratio of two to one of even to odd J states so the 1/4 and 3/4 revivals are half the
amplitude of the half and full revivals. The reason for these behaviors can be understood through
Equation 3.13. The phases of the even and odd J states are opposite at the 1/4 and 3/4 revivals
and the same at the 1/2 and full revivals. Such phase analysis can be extended to all fractional
revivals.
The reason the J state contributions differ by molecule arises from nuclear spin statistics.
The total wavefunction consists of the nuclear spin, rotational, and electronic wavefunctions. If
the atoms are distributed symmetrically, the total wavefunction must be even or odd depending
on whether the atoms are bosons or fermions. At equilibrium, the nuclear spin wavefunction
has a ratio between population of even and odd states. The overall symmetry constraint then
sets a corresponding ratio between even and odd J states. However, if the atoms are distributed
nonsymmetrically, there is no symmetry constraint on the total wavefunction, and there is an equal
contribution of even and odd J states.
Now we focus on the angular distribution which contains the complete information of the
rotational wavepacket. Using the example of N2, Figure 3.3(a) shows the angular distribution
during a full rotational period along with the alignment parameter 〈cos2 θ〉 during the same time
delays. Recall that in these plots, the angular distribution ρ has been multiplied by the sine
factor. As an example, times of strong alignment and anti-alignment during the 1/2 revival are
indicated in the plot of 〈cos2 θ〉 by green (4.08 ps) and blue (4.34 ps), respectively. Modulations
in the angular distribution are visible at these times. Note that the angular distribution scans
28
from strongly aligned to strongly anti-aligned during this revival. Smaller features corresponding
to higher order cosine moments are also visible as “ripples”. Chapter 6 discusses these features in
more detail. The limit to what features are apparent in a measurement depends on the signal-to-
noise ratio and detection method. To better understand the angular distribution during the 1/2
revival, polar plots corresponding to indicated time delays are shown in Figure 3.3(b). In the polar
plots, strong alignment and anti-alignment are clear, but these plots also aid in visualizing more
subtle features. For comparison, the isotropic angular distribution is shown by the red curve. This
corresponds to a time before the alignment pulse as indicated by the red dot (-0.36 ps) on the plot
of 〈cos2 θ〉. Figure 3.3(c) shows these same angular distributions in linear form. These are more
easily understand as lineouts from Figure 3.3(a). At time delays between major revival features, the
angular distribution does not return to the isotropic form because there is some nonzero alignment.
Higher order alignment moments will be discussed in more detail in Chapter 6. Note that although
the cosine moments and Legendre polynomials indicate the presence of the revival features, the
angular distribution contains the full information of the rotational wavepacket and is useful for
interpreting molecular HHG models.
3.4 Optimizing alignment
In experiments examining how the harmonic emission depends on the molecular structure and
alignment, strong alignment (〈cos2 θ〉 > 0.6) is required. The driving laser parameters, rotational
temperature, and molecular constants all need to be considered when optimizing alignment. First,
we consider the laser parameters, including intensity and pulse duration. Figure 3.5 shows how the
full revival of N2 varies with laser intensity. The alignment becomes stronger and the oscillatory
structures around the revival increase with increasing laser intensity. Figure 3.6 shows how the
CO2 3/4 revival varies with pulse duration while maintaining a constant energy in the pulse. The
pulse duration does not have any strong effects on the alignment until it exceeds 200 fs in this case.
This value depends on the rotational period of the molecule in question. The rotational constant
B is inversely related to the rotational period. For shorter rotational periods, shorter pulse lengths
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Figure 3.5: The alignment parameter 〈cos2 θ〉 calculated for N2 at a temperature of 50 K and with
a pulse duration of 140 fs over a range of peak intensities 3.5− 6.5× 1013 W/cm2.
Figure 3.6: The alignment parameter 〈cos2 θ〉 calculated for CO2 at a temperature of 75 K over a
range of pulse lengths. Intensity is scaled to maintain a constant pulse energy. For a pulse length
of 140 fs, the peak intensity is 1.0× 1013 W/cm2.
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are required to obtain strong alignment. The general rule is that τ ≤ h¯B . However, a constant
intensity with an increasing pulse length would increase the total energy in the pulse and thus have
similar effects on the alignment as increasing the intensity. The advantage of stretching the pulse
length is that the pulse energy can be increased without increasing the peak intensity, meaning
that the alignment can be increased without causing unwanted side effects such as multiphoton
ionization. Second, we consider the rotational temperature of the sample. Figure 3.7 shows how
the N2O half revival depends on the rotational temperature. Note how the revival features become
narrower in time and smaller in amplitude with increasing temperature. Measuring laser intensity
and rotational temperature in the interaction region is difficult. A sensitive probe of molecular
alignment could, in fact, extract these parameters. Note that the rotational wavepacket varies
more quickly within experimental estimates with intensity than with either temperature or pulse
length. Finally, molecules with a larger anisotropic polarizability are more easily aligned. For
example, OCS can be aligned more strongly than N2 under equivalent conditions.
3.5 Summary
Impulsively exciting a rotational wavepacket in a linear molecule provides field-free alignment
of molecules which has applications in monitoring molecular structure and dynamics as well as in
manipulating HHG. While cosine moments and Legendre polynomials are useful for describing
rotational wavepackets, the angular distribution contains the full information of the wavepacket.
Phase analysis describes how fractional revivals arise in rotationally excited molecules. Finally,
knowledge and control of the laser and molecular parameters aid in optimization of the alignment.
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Figure 3.7: The alignment parameter 〈cos2 θ〉 calculated for N2O over a range of temperatures at
a peak intensity of 3.0× 1013 W/cm2 with a pulse duration of 140 fs.
Chapter 4
Experimental Setup
In typical molecular HHG experiments, a pump laser pulse first excites a rotational wavepacket
causing the molecules to periodically align and anti-align. A probe laser pulse then generates the
harmonics from the molecular sample. This chapter briefly describes our experimental setup, which
includes the laser, interferometer, harmonic generation chamber, and the detection chamber. Fig-
ure 4.1 shows the experimental schematic.
4.1 Ti:sapphire amplifier system
Pulses are generated using the KMLabs Red Dragon laser system consisting of a Kerr-lensing
modelocked laser oscillator followed by two amplification stages. The center wavelength of the
oscillator output is 800 nm, and the full width half maximum (FWHM) of the spectrum is typically
50-60 nm. The output modelocked average power is 380 mW with a repetition rate of ∼100 MHz.
The oscillator output is fed into the first amplification stage.
The pulses coming out of the oscillator are so short that they could damage the amplification
medium in the first and second stages. Consequently, upon entering the first stage, the beam passes
through a stretcher which changes the pulse length from <20 fs to 20 ps. The beam then passes
through a Pockels cell which selects pulses at a 1 kHz rate. The beam next enters the amplification
ring in which it passes through the Ti:sapphire crystal 12 times and through a spectral filter ∼5
times. The crystal is pumped by an Nd:YAG laser (Photonics Industries DM-40). In order to
avoid thermal lensing and condensation, liquid nitrogen cools the crystal in an ion pumped vacuum
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Figure 4.1: Schematic of the experimental setup. The output from a Ti:sapphire laser amplifier
system is split into pump (0.2-0.3 mJ) and probe (0.4-0.6 mJ) pulses. The pump and probe beams
are focused noncollinearly into a gas jet where harmonics are generated. Aluminum filters block
the fundamental 800 nm laser. A Hettrick spectrometer consisting of a cylindrical mirror and a
grating separates the harmonics, and they are recorded using an Andor EUV CCD.
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chamber at < 1 x 10-8 Torr. First pass gain is typically ∼8-12. The beam is picked off from the
ring and passes through another Pockels cell. The beam is enlarged by a telescope as it passes into
the second amplification stage. Power out of the first stage is typically ∼3.5 W.
In the second stage, the beam passes through a second Ti:sapphire crystal pumped by an-
other Nd:YAG laser (Photonics Industries DM-50) twice. After amplification, the collimating lens
is chosen to optimize the beam diameter considering the damage thresholds of the optics. Finally,
the beam passes through a compressor returning the pulse length to ∼25 fs. The maximum uncom-
pressed power is 11 W, but the power is reduced by the compressor to ∼60 %, depending on the
gratings used. The collimating lens adjusts astigmatism, and the compressor adjusts spatial chirp,
group velocity dispersion, and third-order dispersion. Typical output of the second stage is 25 fs
pulses centered at 800 nm with a full-width at half maximum (FWHM) of ∼60nm and an average
power of ∼4 – 6 W at a 1 kHz repetition rate. The beam quality typically gives an M2 value of 1.1
– 1.4 depending on the output power.
4.2 Mach-Zehnder interferometer
A beamsplitter separates the laser output into pump and probe beams. The reflection of
the beamsplitter is 50-80 percent depending on the experiment. One of the interferometer arms
contains a retroreflector on a translation stage in order to vary the timing between pump and probe
beams. A half waveplate in combination with a polarizer controls the power of each beam, while
two lenses focus the beams separately, shortly before they are recombined. For alignment and HHG
optimization, the lens mounts fine-tune positioning of the pump and probe foci in three-dimensions
so that the beams overlap with each other and with the gas jet. Also to optimize alignment the
pump beam passes through a piece of fused silica and is stretched to ∼120 – 140 fs. For certain ex-
periments, a second half waveplate is placed in the pump path after the power adjustment in order
to control the polarization direction and hence alignment direction. Depending on the experiment,
the probe path may require additional optics. For example, polarization sensitive experiments
require additional polarizers after the power control polarizer. In the phase measurement experi-
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ments described in Chapter 5, two glass plates split the probe beam into two. In the experiments
on driving laser ellipticity in Chapter 7, a rotatable half waveplate in combination with a quarter
waveplate controls the ellipticity.
Following the lenses, the beams can be recombined in one of two ways. First, they can
be recombined using a beamsplitter. This has the advantage that the appearance of an easily
recognizable interference pattern indicates that the pulses are spatially and temporally overlapped.
However, this method works well for simple intensity measurements, but not as well for phase and
polarization measurements. Phase measurements require the pump beam to be aligned with only
one of two probe beam foci. Additionally, polarization measurements, require that the polarization
state of the beams be scanned. However, the beamsplitter’s reflection-to-transmission ratio is
modified by the input polarization. The beams may instead recombine noncollinearly. The pump
beam is reflected onto the path of the probe beam at a small angle so that the beams overlap
only at the foci. This solves the problems of the collinear setup. A computer interface controls
the translation stage and half waveplate rotation stages. Additionally, in the case of polarization
measurements, after the beams are recombined, a half waveplate may be inserted in the case of
the polarization measurement in order to control the polarization of the pump and probe beams
jointly.
4.3 Vacuum chamber
4.3.1 Generation chamber
The two beams enter the vacuum chamber through a fused silica window. This material
is chosen above sapphire to avoid birefringence effects at high laser intensities. The chamber is
pumped by a Varian turbomolecular pump with a high pumping speed (550 L/s) due to the high
gas load resulting from the continuous gas jet.
In the interaction region, the pump and probe beams are focused into a continuous supersonic
gas jet. The gas jet is created by a glass capillary with a diameter (150 µm) and backed with 700-
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900 Torr. The capillary (∼2 cm long) is glued into the end of a glass tube (∼15 cm long). The
use of a supersonic gas jet ensures that the interaction region is short thus minimizing phase
matching effects so that the focus is on single-molecule effects. Additionally, the molecules are
cold with rotational temperatures in the range ∼70 - 110 K so that the molecules can be strongly
aligned. A pulsed gas jet would provide yet lower rotational temperatures. The molecular density
and temperature in the gas jet depend on the backing pressure, the diameter of the capillary, the
distance from the capillary, the chamber pumping speed, and the molecule. Typical densities in
the interaction region are 1018 cm−3. The uncertainty of this estimate is large, in part, because
the capillary diameter is uncertain as it is at times damaged by the laser. A three-dimensional
translation stage controls the fine positioning of the gas jet in order to optimize the harmonics.
The focal spot size of the pump and probe beams are on the order of ∼100 µm. A shorter
focal length lens (40 cm) is used for the probe beam compared to the pump beam (50 cm) so
that the spot size of the probe beam will be smaller. This causes the harmonics to be generated
in a region of more uniform molecular alignment. The pump beam is focused near the center of
the gas jet, but the probe beam is focused a few millimeters earlier. This selects for the short
trajectories using phase-matching. Focusing the probe beam after the gas jet allows both the long
and short trajectories to be observed. Note also that the harmonics are generated only in the
forward direction [95].
4.3.2 Detection chamber
The driving laser and the harmonics propagate into the detection chamber collinearly where
two aluminum filters block the fundamental driving laser frequency. The first filter is chosen to be
either 100 nm or 200 nm thick. Polarization measurements require the 100 nm filter in order to
increase the signal strength. The second filter is 200 nm thick. Aluminum transmits from 16.5 eV
- 72.5 eV. Figure 4.2 shows the transmission spectrum for 200 nm thick aluminum.
In the case of experiments requiring polarization measurements, two gold mirrors are inserted
in the HHG path at a 45 degree incidence angle. These reflect ‘s’ polarization preferentially over
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Figure 4.2: The transmission as a function of photon energy for 200 nm thick aluminum.
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‘p’. A reflectivity plot for a single gold mirror is shown in Figure 4.3. Note that the reflectivity
decreases quickly with increasing energy. To solve this problem, broadband multilayer polarizing
mirrors are in development.
A Hettrick spectrometer consisting of a cylindrical gold mirror and grating separates the
harmonic orders. Thus the beam is focused in only one dimension. The harmonics are then
detected with an Andor CCD, which has a resolution of 1024 x 256 pixels. The harmonics are
separated along the long dimension. The CCD is air-cooled to -50 degrees C to reduce thermal
noise. The spectrometer is pumped by a second turbomolecular pump with pumping speed 300 L/s
in order to keep the pressure gradient low at the aluminum filter, thus preventing the filter from
breaking.
4.4 Data processing
The raw data from the CCD is a 1024 x 256 image. Data as a function of energy is obtained
using vertical binning along the short dimension. For all measurements, the first step is to perform
background subtraction. The signal between harmonic orders on the CCD gives the background
level. This background arises both from scattered harmonics and thermal noise. Integrating over
the full width of each harmonic provides the signal for each harmonic order. However, for phase
measurements, interference fringes are visible on the image and each set of fringes must be integrated
over. An example of raw, vertically-binned data is shown in Figure 4.4.
The harmonic order calibration can be performed in one of two ways. First, we can use the
cutoff arising from the aluminum edge at 72.5 eV. The second method is to compare the first and
second order diffraction peaks. We scan through a time delay in which harmonic order dependence
is strong. A characteristic feature may first arise at certain pixels in the first and second order
diffraction peaks. Therefore, these peaks correspond to the same harmonic order. The first and
second order peaks overlap for a few harmonic orders. In this region, the first order peak q will
appear between the second order peaks 2(q − 2)± 1.
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Figure 4.3: The reflectivity as a function of photon energy for a gold mirror at a 45 degree incidence
angle.
Figure 4.4: Raw data showing counts as a function of pixel for HHG from CO2.
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4.5 Summary
A KMLabs Red Dragon laser produces 25 fs, 4-6 mJ pulses at a 1 kHz repetition rate. The
output is split into a pump (aligning) and probe (harmonic generating beam). The two beams
are focused into a gas jet where harmonics are generated from aligned molecules. The harmonics
are separated by a Hettrick spectrometer and measured using an Andor CCD. More detail on
the experimental setup specific to particular experiments is given in each corresponding chapter.
Chapters 5, 6, and 7 focus on intensity along with phase, intensity, and polarization measurements,
respectively.
Chapter 5
Measurement of Intensity and Phase of Harmonic Emission from Rotationally
Excited Molecules
In order to determine how much dynamic structural information we can obtain from molec-
ular HHG data, a better understanding of how HHG depends on molecular structure is required.
The validity of the approximations made in different models needs to be determined for specific
molecules, and, depending on the molecule, more sophisticated models with fewer approximations
may be needed. It is not yet clear what the important factors are that must be taken into account
when predicting the harmonic field (intensity, phase, or polarization state) for a particular harmonic
order from a particular molecule. Disagreement between models needs to be resolved by comparing
theory to measurements of the properties of HHG emission. In particular, we must begin with
tests of small, linear diatomic molecules before we can move on to more complex molecules. The
two-center interference model has proven very useful for comparing to experiment, and we start
with tests of this model.
In this chapter, following an introduction to the two-center interference model and relevant
experiments, we present measurements of the intensity and phase of harmonic emission from CO2
[131], N2O, and N2 [67] molecules. HHG phase measurements using different methods are compared.
We find that high harmonic emission from CO2 and N2O is well described by a simple two-center
interference model. In contrast, HHG from N2 exhibits a very different behavior, not readily
explained by assuming that the electron responsible for the high-order harmonic emission recollides
with the molecule as a plane-wave. These data clearly emphasize the need for more comprehensive
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models of high harmonic generation from molecules.
5.1 Two-center interference model
The two-center interference model was first introduced by Lein et al., who calculated the
HHG spectrum of H2
+ by solving the time-dependent Schrdinger equation (TDSE) [59, 58]. They
interpreted the numerical results using the simple two-center interference picture, based on recom-
bination of an electron with a distributed molecular orbital. Quantum interferences in the electron
recombination step lead to an enhancement or suppression of the HHG intensity that depends on
the molecular structure and alignment, but not on the laser parameters. This model also predicted
a change in the phase of the HHG emission associated with these quantum interferences, and a
resulting HHG intensity minimum [59, 58]. Though the TDSE cannot be solved for more complex
molecules, this two-center interference picture has been applied to other linear molecules. The
two-center interference of the Lein model is a consequence of calculating the recombination matrix
element by using a linear combination of atomic orbitals (LCAO) to construct the highest occupied
molecular orbital (HOMO) along with approximating the recolliding electron as a plane wave. The
HOMO is written as -
ψ0(~r) ∼ φ0(~r − ~R/2)± φ0(~r + ~R/2), (5.1)
where φ0 is an atomic orbital and ~R is the internuclear vector. The recombination matrix element,
written in the velocity gauge as d(~k) =
〈
ei
~k·~r|i∇|ψ0
〉
, will be proportional to cos(~k · ~R/2) if the
form of Eqn. 1 with a plus sign is used, or proportional to sin(~k · ~R/2) if a minus sign is used in
Equation 5.1. Thus the condition for interference is determined by whether the atomic orbitals
are summed with the same sign or opposite sign. These interference conditions do not in general
correspond to those derived from the more physically intuitive picture where interference occurs
because the electron can recombine into either of two centers [54]. Using the physically intuitive
picture, the term cos(~k·~R/2) arises for symmetric molecules, and sin(~k·~R/2) arises for antisymmetric
molecules.
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5.2 Intensity measurements
A number of experiments have tested the simple two-center interference model by monitor-
ing the intensity of HHG emission from transiently aligned N2, O2 and CO2 molecules. In the
case of CO2 molecules, experiments have confirmed the basic two-center picture [116, 37, 131].
In these experiments, one laser pulse creates a molecular rotational wave packet through an im-
pulsive stimulated Raman excitation, causing the molecules to periodically align and anti-align
during fractional rotational revivals as described in Chapter 3 [84, 104]. Then, a second laser pulse
generates harmonics from the excited molecules. Vozzi et al. and Kanai et al. provided evidence
for the two-center interference model by observing an expected harmonic intensity modulation in
rotationally-excited N2, O2, and CO2 molecules [116, 37]. However, the position of the minima
in HHG emission intensity during alignment (due to destructive interferences that correspond to
electron recombination with the two separate charge centers) varied in different experiments, likely
due to different alignment conditions. Some evidence of structural interference effects was observed
in HHG emission from N2 and CO2 but not from O2 due to the experimental conditions [116, 37].
Kajumba et al. extended these measurements to larger molecules such as acetylene, allene, and
ethylene, and also observed suppression of the harmonic yield for all observed harmonic orders
during transient alignment [33]. Torres et al. observed interference minima in C2H2, N2O, and
CO2 using a 1300 nm driving laser which extended the harmonic cutoff [113, 112]. They found
evidence for both the two-center structural interference and also the dynamic interference resulting
from the contributions of multiple ionization channels predicted by Smirnova et al. [101].
5.3 Phase measurements
However, these initial studies did not attempt to measure the phase of the high harmonic
emission, which is a much more conclusive indication of the basic validity of the two-center picture.
As explained above, at a particular alignment of the molecule with respect to the recombining
electron, destructive interference between the two charge centers is expected to suppress certain
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harmonic orders accompanied by a pi phase change in the HHG emission. To measure the HHG
phase, it is necessary to employ very accurate interferometric measurements, because of the short
wavelength of the HHG light.
Recent RABITT measurements by Boutu et al. observed emission from transiently aligned
CO2 as a function of harmonic order for several alignment angles, while using krypton atoms as a
reference [11]. They found that a total phase change of 2.7 radians emerged over several harmonic
orders when CO2 was aligned parallel to the harmonic-generating laser polarization [11]. The
position of the phase change and intensity minimum are in agreement with the two-center model
though the size of the phase change and its smoothness are not. However, a less than pi phase
change occurring over several harmonic orders resembles behavior seen in TDSE calculations of H2
and H2
+ by Lein et al. and in recent calculations by Ciappini et al. using two-center Coulomb
waves instead of plane waves [59, 58, 14]. However, the RABITT technique is very complex to
implement and measure the relative phase of the HHG emission as a function of harmonic order
but not as a function of alignment angle directly [11].
A second, complementary approach for measuring the phase of HHG emission from molecules
is to use interferometry in which HHG emission from a transiently aligned molecular sample is in-
terfered with HHG from an atomic sample or a randomly aligned molecular sample. This yields
information on how the phase of a particular harmonic is varying as a function of molecular align-
ment, rather than a change in the phase of HHG emission as a function of harmonic order. This
phase information is equally useful for testing a two-center model compared with the RABITT tech-
nique, and is a more direct (i.e. purely optical) interferometry approach. Two methods have been
used to date to obtain a common-path phase reference for this type of interferometry; interference
with HHG from an atomic reference [118], and interference with HHG from an isotropic molecu-
lar sample in a common-path double-focus high-order harmonic geometry [131]. In one example,
Mairesse et al. used the transient grating technique to measure the phase of the harmonic emission
from aligned N2 and CO2 [72]. They found the intensity-dependent interferences indicative of the
dynamic interferences indicated by Smirnova et al. [101].
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In past work, we measured the interference between harmonics generated from atoms (kryp-
ton) and from aligned molecules (CO2) to extract the HHG phase [118]. As in all experiments
of this nature, a pump pulse first excites a rotational wavepacket, and a probe pulse generates
the harmonics. In this experiment, gas mixtures of various ratios of CO2 and krypton acted as
the generation medium. Since only the molecules can be aligned, the atomic HHG serves as the
reference for molecular HHG. More precisely, the HHG intensity is given by
I(r) =
∣∣rDCO2eiφ + (1− r)DKr∣∣2 = r2D2CO2 + (1− r)2D2Kr + 2DCO2DKrr(1− r) cosφ, (5.2)
where r is the fraction of CO2 in the gas mixture, Di is the HHG amplitude from each species, and
φ is the relative phase difference between the HHG from CO2 and krypton. Thus, measurements of
the intensity over a range of gas ratios allows for the extraction of the relative phase. Figures 5.1(a)
and 5.1(b) show the intensity as a function of gas mixture ratio and the interference term alone,
respectively. Each value is shown at a time of strong alignment and a time of strong anti-alignment.
In reality, the CO2 molecules are not perfectly aligned. Rather the HHG for each angle must be
weighted by the angular distribution, the calculation of which is described in Chapter 3. This
means that the HHG amplitude and phase from CO2 is given by
D(t)eφ(t) =
∫ pi
0
H(θ)ρ(θ, t) sin θdθ, (5.3)
where H(θ) is the HHG from a perfectly aligned molecule.
Figures 5.1(c) and 5.1(d) show the extracted intensity and phase for a perfectly aligned
molecule for comparison to the two-center model. Evidence of destructive interferences was ob-
tained, but the phases retrieved did not show an exact pi phase shift at the interference minimum,
as expected from the two-center interference model [118]. These results better resemble the TDSE
calculations of HHG from H2 and H2
+ [59, 58]. Additionally, the results agree with quantitative
rescattering theory [49]. However, uncertainty in the ratios of the gas mixtures in the interaction
region may have contributed to this result.
Therefore, we implemented a more direct geometry in a second experiment, where we mea-
sured the interference between harmonics emitted by an isotropic molecular sample and an aligned
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Figure 5.1: (a) Intensity of the 31st harmonic as a function of the fraction of CO2 in a gas mixture of
CO2 and krypton at times of molecular alignment (blue) and anti-alignment (red); (b) Interference
term corresponding to (a); (c) Extracted harmonic amplitude for a perfectly aligned molecule; (d)
Extracted harmonic phase for a perfectly aligned molecule.
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molecular sample. In this more accurate method, we generated harmonics both from randomly
oriented and aligned CO2 molecules [131]. The harmonics generated in each region interfered in
the far field, and shifting of the interference fringes during a transient alignment event indicated a
phase change in the HHG from the aligned sample. Figures 5.2(a) and 5.2(b) show the interference
fringes as a function of time delay between aligning and harmonic generating pulses for the 25th
and 31st harmonic orders. Figure 5.2(d) shows the alignment parameter 〈cos2 θ〉 during the 3/4
revival of CO2. No phase shift was found for the 25
th harmonic, but a pi phase shift, indicated
by the shifting of the fringes, during transient alignment was observed for the 31st harmonic [131].
This phase measurement differs from the previously described phase measurements in that it is
consistent with the two-center model and does not more resemble TDSE calculations of H2 and
H2
+. However, the intensity, but not the phase results, agree with quantitative rescattering theory
[49]. This result will be compared to similar measurements of HHG from N2O and N2 later in this
chapter.
5.4 Phase measurements in N2O and N2
In order to accurately model HHG from molecules more broadly so that HHG may be used
to study more complex systems, it is necessary to assess which approximations are valid for which
molecules and how current models must be modified through comparing measurements of properties
of the harmonic emission to predictions of current models. Thus far, strong confirmation of the
two-center interference model has only been made for harmonics generated from CO2 molecules.
CO2 has a clear antisymmetric “two-center” structure, so it is not surprising that this model works
well in this case. For other molecules, the extent to which approximations such as neglecting the
structure of atomic orbitals, or the plane wave approximation, can successfully be applied must be
determined to make it possible to develop a complete theory of HHG from molecules, or to directly
invert structure from these data.
In the following, we supplement our past studies of CO2 with measurements of the harmonic
intensity and phase from N2O and N2 molecules for the first time. The N2O molecule is interesting
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Figure 5.2: (a), (b) Interference pattern as a function of time delay for the 25th (a) and 31st (c)
harmonics for CO2. The shifts in the positions of the maxima and minima (as recorded by the CCD)
of the interference fringes indicates a change in phase. In the particular case of the 31st harmonic,
a reversal in phase corresponding to an intensity minimum occurring near ± 100 fs from the center
of the 3/4 revival confirms the two-center interference model. Time delay of 0 corresponds to the
center of the 3/4 revival. Adapted from [131]. (c) The CO2 HOMO has pig symmetry, calculated
with Gaussian using the Hartree-Fock method with the 6-31G basis set. (d) Alignment parameter
〈cos2 θ〉 during the 3/4 revival of CO2 calculated following the procedure in Chapter 3. Time delay
of 0 corresponds to the center of the 3/4 revival.
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because its nuclei are not symmetrically distributed, as is the case of CO2. The N2 molecule is
very interesting both because its HOMO contains contributions from both s and p orbitals [42] and
because its HOMO and HOMO-1 are separated in energy by only 1.1 eV [70]. Thus contributions
from the HOMO-1 likely cannot be ignored. In our measurements, we observe no phase shift in
the HHG emission from N2 as a function of time during the rotational half revival, but we can
observe a phase shift of p from N2O during the rotational half revival. We compare our results
with CO2 [131], and further compare CO2 and N2O data with the predictions of the two-center
interference model. We find that high harmonic emission from N2O molecules is well described by a
simple two-center interference model. In contrast, high harmonic emission from N2 exhibits a very
different behavior, not readily explained by assuming that the electron responsible for the high-
order harmonic emission recollides with the molecule as a plane-wave. Additionally, we compare
our results for N2 with models focused on recombination that do include the full structure of
the HOMO. These results provide information about the validity of approximations used in current
models of HHG from molecules, as well as providing data to benchmark more sophisticated theories
of molecules in strong fields.
5.4.1 Experimental setup
For our work we used a Ti:Sapphire amplified laser system generating ∼25 fs pulses centered
at 800 nm, at a repetition rate of 1 kHz. The beam is split into pump and probe beams. The pump
beam has a pulse energy of 250 µJ and is stretched to a pulse duration of 120 fs, before focusing
to an intensity of about 2 − 5 × 1013W/cm2 in order to create a rotational wavepacket in the gas
sample through an impulsive stimulated Raman excitation [104, 84]. The stagnation pressure of
the gas is ∼700 Torr. As in our previous experiment that investigated CO2, the probe beam is split
into two beams by two angled glass plates [131], with pulse energies of 270 µJ and 450 µJ. The
two probe pulses are focused using a 40 cm focal length lens to intensities of ∼ 1 × 1014 W/cm2
and 2 × 1014 W/cm2, in order to generate harmonics. The difference in intensity is necessary to
compensate for the difference in density at different positions in the gas jet so that the harmonics
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generated at each focus are of comparable intensity. The pump focus is spatially overlapped with
only one of the probe foci, so that one gas region generates harmonics from rotationally aligned
molecules, whereas the other region generates harmonics from randomly oriented molecules. The
generated harmonics are spectrally separated using an EUV spectrometer with a cylindrical focus,
and then imaged using an EUV CCD. This setup is shown in Figure 5.3. The harmonics generated
from each region interfere in the far field. Any shift in the interference fringes on the EUV CCD
as the time delay between pump and probe pulses is scanned indicates a change in the phase
difference of the harmonics emitted by aligned and randomly oriented molecules. Since the phase
of the harmonics generated from isotropic molecules will be constant, any phase change observed
will correspond to a phase change of harmonics generated by the aligned molecular sample. In
this way, since scanning the time delay during a rotational revival corresponds to scanning the
alignment angle, we measure the relative phase as a function of alignment angle for each individual
harmonic order. This method gives no information about how the phase varies with harmonic order
but only gives information about how the phase changes with alignment angle for each harmonic
order. We also measured the intensity as a function of alignment angle by blocking the probe beam
which generates harmonics from randomly oriented molecules.
5.4.2 Results and Discussion: High harmonic emission from N2O
First, we consider N2O. Due to nuclear spin statistics, the 1/4 and 3/4 revivals are weak for
N2O molecules, as discussed in Chapter 3. Consequently, we measured the HHG during the half
revival, during which the molecules first align and then anti-align, as can be seen in the graph of
the alignment parameter in Figure 5.4. Figure 5.5 shows the measured HHG intensity from N2O
during a rotational half revival along with fits to the two-center interference model. Figure 5.6
shows the interference fringes between HHG from the isotropic and aligned samples, along with
the extracted relative phase as a function of time delay between the pump (aligning) and probe
(HHG generating) pulses. We extracted the relative phase shown in Figure 5.6 by doing a least
squares fitting of the sinusoidal interference fringes at each time delay to the sum of a sine function
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Figure 5.3: Schematic of the experimental setup for measuring the phase of the HHG from aligned
CO2 [131], N2O, and N2 molecules in a double focus geometry. HHG from isotropic molecules acts
as the phase reference for HHG from aligned molecules. Adapted from [131].
52
and a slowly varying polynomial. Overall, the dependence of the intensity on the pump-probe
relative time delay resembles that for HHG from CO2 [131]. Alignment causes a suppression of the
harmonic yield, while anti-alignment results in an enhancement of HHG. As with HHG from CO2,
for higher harmonic orders a local maximum is observed during an alignment event. This local
maximum first appears at harmonic order 29 and becomes larger as the harmonic order increases.
An additional new feature is the presence of a local minimum during anti-alignment for low-order
harmonics. This local minimum is most prominent at the lowest orders, transitioning to a shoulder
structure at harmonic order 25. (This local minimum can also be observed in HHG from CO2 for
low orders, but has not been reported previously). These two features lead to the four primary
shapes of the HHG intensity as a function of harmonic order, shown in Figure 5.5. Figures 5.6(c)
and 5.6(d) show that at harmonic order 33, representative of higher orders, the interference fringes
change position at the time delays corresponding to the intensity minima in emission on either
side of the local maximum during alignment. The extracted phase reveals the associated 3.65 ±
0.68 radian phase shift in HHG emission, which is consistent with a pi phase shift. For harmonic
order 25, representative of lower orders, no significant shift is seen in the interference fringes and
extracted phase values.
N2O is a linear molecule with a HOMO very similar to the HOMO of CO2 as shown in
Figures 5.7(a) and 5.21(c). Since the nuclei are not symmetrically distributed as also shown in
Figure 5.7(a), N2O has a permanent dipole moment. However, in a fast oscillating electric field,
we can align but not orient the molecules. Therefore, since the two-center interference model well
describes harmonic emission from CO2, comparing the data to the predictions of this model is
reasonable. The two-center interference model can explain the primary features of the data. The
harmonic emission from perfectly aligned N2O, which is an antisymmetric molecule, is then given
by
H(θ) = A sin(
piR
λ
cos θ) (5.4)
where A is a constant with respect to θ, R is the internuclear distance, λ is the wavelength of the
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Figure 5.4: Alignment parameter 〈cos2 θ〉 during the half revival of N2O using a rotational temper-
ature of 70 K and a pump laser intensity of 3.0× 1013 Wcm−2, calculated following the procedure
of [84].
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Figure 5.5: Normalized measured harmonic intensity (solid black) and fits to Equation 5.6 (dashed
red) for the 21st (a), 25th (b), 29th (c), and 33rd (d) harmonics for the N2O half revival. A local
minimum occurs during strong anti-alignment occurs at low harmonic orders. A local maximum
during strong alignment corresponding to a phase shift occurs at harmonic orders 29 and higher.
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Figure 5.6: (a), (c) Interference pattern as a function of time for the 25th (a) and 33rd (c) harmonics
for N2O. The shifts in the positions of the maxima and minima (as recorded by the CCD) of the
interference fringes indicates a change in phase. (b), (d) Relative phase (solid blue line and circles)
extracted from the fit of the interference fringes to the sum of a sine function and slowly varying
polynomial as a function of time delay and averages of fitted phase (dashed black) for the 25th (b)
and 33rd (d) harmonics. A representative error bar based on numerical uncertainty in the least
squares fit is shown for each harmonic order. The zero point for the relative phase is arbitrary.
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recolliding electron, and θ is the angle between the molecular axis and the harmonic generating
laser beam polarization. A phase factor of exp[ipi/2] is suppressed because it does not affect the
analysis. The sign determines the phase of the harmonic emission, as a positive sign is equivalent
to a phase of 0 and a negative sign is equivalent to a phase of pi leading to total phases of pi/2
and −pi/2, respectively. This predicted angular dependence of the HHG emission is shown for
several different harmonic orders with parameters A = 1, R = 0.231nm, and λ calculated using the
dispersion relationship Ek = nhν in Figure 5.7(b). Ek is the energy of the recombining electron, n
is the harmonic order, and ν is the fundamental laser frequency. To interpret this graph, first note
the solid curves, which correspond to H(θ). These curves cross zero at a critical angle, whose exact
value varies with harmonic order. This critical angle corresponds to a crossing point where the
intensity of the harmonic emission drops to zero and the phase of the harmonic emission changes
by pi as the orientation of the molecule is varied. For an antisymmetric molecule such as N2O, the
critical angle increases with increasing harmonic order.
To calculate the experimentally measured harmonic intensity and phase, it is necessary to
coherently convolve the harmonic emission H(θ) with the angular distribution ρ(θ, t) of the molec-
ular sample, which can be obtained from a calculation of the rotational wave packet [84] using the
experimental pump pulse and gas jet parameters and is shown multiplied by the sine factor as the
dashed curves in Figure 5.7(b) at the times of maximum alignment (red) and anti-alignment (blue).
This convolution is
HHG(t) =
∫ pi
2
0
H(θ)ρ(θ, t) sin θdθ. (5.5)
The HHG intensity is given by the modulus squared of Equation 5.5. As before, a positive sign
indicates an HHG phase of pi/2 and a negative sign indicates a phase of −pi/2.
For N2O, the observed changes in harmonic intensity can be understood by considering the
change in the angular distribution of the molecular sample as a function of time. In general, the total
HHG emission is a destructive interference of molecules near alignment and near anti-alignment.
A convolution of the solid and dashed lines, for harmonic orders 27 and above, will yield opposite
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Figure 5.7: (a) The N2O HOMO has pig symmetry, calculated with Gaussian using the Hartree-Fock
method with the 6-31G basis set. (b) Harmonic emission based on two-center model for perfectly
aligned molecules for the 21st, 25th, and 33rd harmonics, calculated using R = 0.231nm, A = 1, and
the dispersion relationship Ek = nhν, where Ek is the recombining electron kinetic energy, and ν
is the frequency of the fundamental laser field. Also shown are the angular distribution multiplied
by the sine factor at alignment (dashed red) and anti-alignment (dashed blue) calculated using a
pump laser intensity of 3.0× 1013 Wcm−2 and a rotational temperature of 70 K. For comparison,
Figure 3.3 shows an isotropic angular distribution. The resulting HHG emission is a convolution of
the angular distribution with the two-center curves for perfectly aligned molecules for the 21st,25th,
and 33rd harmonics. In the case of the 25th harmonic, only minor destructive interference is seen,
while for the 33rd harmonic, the overall phase of the HHG will change sign between alignment
and anti-alignment, and will experience complete destructive interference at some point during the
transition.
58
signs, or phases, of HHG emission for the aligned and anti-aligned distributions. Opposite signs
are equivalent to phases of HHG emission differing by pi. However, at intermediate times as the
alignment distribution evolves, there will be a time when HHG(t) = 0; i.e. the contributions from
opposite sides of the critical angle cancel. As the distribution approaches alignment and reaches this
time, the HHG intensity should decrease to a minimum, and the harmonic emission will flip sign,
or, equivalently, change phase by pi, when the majority of the angular distribution passes through
the critical angle. After the time of maximum alignment, the distribution reverses direction and
moves away from alignment toward anti-alignment. The HHG intensity will decrease to a minimum
again as it passes the critical angle. These two minima before and after maximum alignment create
a local intensity maximum. At the time of the second minimum, the harmonic emission will flip to
its previous sign.
Lower orders have smaller critical angles, and thus a stronger alignment of the sample is
necessary to see this local maximum and corresponding phase flip. Consequently, this minimum
and phase flip are easier to observe for higher orders. Whether this angle is passed for a particular
harmonic order depends on how strong the alignment is. Here, the characteristics of HHG from
N2O are similar to those from CO2.
The local minimum during anti-alignment occurs because in the two-center model, H(θ)
peaks at 60 ◦ to 70 ◦ and then decreases toward full anti-alignment (90 ◦). The harmonic intensity
is thus largest somewhat before the molecular sample reaches maximum anti-alignment, provided
the initial impulsive alignment of the sample is strong enough. During anti-alignment, the angular
distribution passes this maximum and then reverses direction, passing it again, leading to the local
minimum.
To more thoroughly test the two-center interference model, we fit the harmonic intensity from
N2O during the half revival using the same fit used for HHG from CO2 [131], which is given by -
I(t) =
∣∣∣∣
∫ pi
2
0
H(θ)ρ(θ, t) sin θdθ
∣∣∣∣
2
+ C, (5.6)
where C compensates for any background present, and A and R/λ are additional fitting parameters.
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These fits are shown as dashed lines in Figure 5.5. As in the CO2 experiment, we do not have
accurate measurements of the rotational temperature or the pump intensity, so we calculated the
angular distribution, following Ortigoso et al. [84], for several values of each parameter within
experimental estimates, 50 to 110 K in 10 K steps and 2.0−5.0×1013Wcm−2 in 0.5×1013Wcm−2
steps, but not using every combination of parameters if one of the values was shown to produce
bad fits. We used each angular distribution in the least-squares fit, and found that overall the best
fits were obtained using a temperature of 70 K and an intensity of 3.0×1013Wcm−2. The values of
the parameter R/λ obtained from the fits for all harmonic orders fall between the predictions from
the two dispersion relationships Ek = nhν and Ek = nhν − IP , but are closer to the predictions
of the former relationship. The value of R used in this comparison is the distance between the
oxygen atom and outermost nitrogen atom in N2O, 0.231 nm. Overall, the fits are excellent. The
local minimum during anti-alignment and the local maximum with phase shift during alignment
at higher harmonic orders are well described by the two-center model, indicating that this model
is sufficient to describe the primary features of harmonic emission from N2O molecules in addition
to CO2 molecules.
5.4.3 High harmonic emission from N2
N2 is more strongly aligned during the half and full revivals than during the 1/4 and 3/4
revivals, so we measured the harmonic emission during the half revival. Figure 5.8 shows the
calculated alignment parameter 〈cos2 θ〉 during this revival. Figure 5.9 shows the HHG intensity,
and Figure 5.10 plots the interference fringes along with the extracted phase of HHG from N2
during the rotational half revival. The harmonic intensity as a function of pump-probe time delay
shows an enhancement of HHG when the molecules are aligned, while the HHG is suppressed when
the molecules are anti-aligned. The phase dependence does not exhibit a pi phase shift, nor does the
intensity dependence exhibit a local maximum structure that would correspond to a pi phase shift.
Although the two-center interference model works well for CO2 and N2O, attempting to explain
HHG from N2 using the two-center model does not make sense due to the structure of the HOMO
60
of N2.
Unlike CO2 and N2O, the HOMO of N2, shown in Figure 5.11(a), does not possess a simple
two-center structure. Using the LCAOmethod, the HOMO is constructed primarily of p orbitals but
also contains contributions from s orbitals. Both contributions lead to a symmetric orbital overall,
and the s orbital contribution does have a simple two-center structure. However, the p orbital
contribution creates a symmetric orbital through an antisymmetric combination of antisymmetric
pz atomic orbitals [135, 54, 42].
For molecules such as H2, CO2, and N2O, describing the two-center interference model as the
physically intuitive interference that occurs because the electron can combine to either of two centers
works. The interference condition for the physically intuitive picture is based on the symmetry of
the molecule, while the interference condition for the two-center interference model is based on the
sign used in constructing the HOMO in the LCAO method. For the above-mentioned molecules,
the interference conditions derived from the physically intuitive picture and from the two-center
interference model agree.
However, this is not the case for N2. In the N2 HOMO, the p orbitals are added with opposite
signs, and the s orbitals are added with the same sign. Consequently, these two contributions to
the HOMO have different interference conditions, and overall N2 will not exhibit clear two-center
interference. Finally, the physically intuitive model does not agree with the two-center interference
model, even when only considering the dominant p orbitals, in the case of N2. The interference
condition for orbitals added with opposite signs corresponds to the physical interference condition
for an antisymmetric HOMO. However, these p orbitals form a symmetric HOMO. The two-center
interference model also overlooks additional angular dependence originating from the fact that the
p orbitals themselves are not spherically symmetric [135, 54].
Consequently, the predictions of calculations by Torres et al. and Levesque et al., which
include the full structure of the HOMO in the calculation of the recombination matrix element
[60, 110], are more appropriate to compare to measurements than the predictions of the two-center
interference model. These calculations still assume the recolliding electron is a plane wave. Both
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Figure 5.8: Alignment parameter 〈cos2 θ〉 during the half revival of N2 using a rotational temper-
ature of 70 K and a pump laser intensity of 3.0× 1013Wcm−2, calculated following the procedure
in Chapter 3 [84].
Figure 5.9: Normalized measured harmonic intensity for the 19th, 25th, and 31st harmonics for the
N2 half revival.
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Figure 5.10: (a), (c) Interference pattern as a function of time for the 19th (a) and 25th (c) harmonics
for N2. (b), (d) Relative phase (solid blue line and circles) extracted from the fit of the interference
fringes to the sum of a sine function and slowly varying polynomial as a function of time delay and
averages of fitted phase (dashed black) for the 19th (b) and 25th (d) harmonics. A representative
error bar based on numerical uncertainty in the least squares fit is shown for each harmonic order.
The zero point for the relative phase is arbitrary.
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Figure 5.11: (a) The N2 HOMO has σg symmetry, calculated with Gaussian using the Hartree-Fock
method with the 6-31G basis set. (b) The N2 HOMO-1 has piu symmetry, calculated with Gaussian
using the Hartree-Fock method with the 6-31G basis set.
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calculations predict pi phase shifts in the harmonic emission that occur at increasing alignment
angles as the harmonic order increases. Torres et al. predict phase shifts that occur at alignment
angles ranging approximately from 0−68 ◦ for a returning electron with momentum ranging from 1.1
to 2.0 in atomic units [110]. Depending on the effect of the Coulomb potential on the recombining
electron, or the dispersion relation, this corresponds to harmonic orders 21 to 69 or 31 to 79. The
former range predicts a measurable pi phase shift, which we did not observe. Whether the phase
shift is measurable depends on the degree of alignment. We estimate the alignment parameter
〈cos2 θ〉 to have been ∼0.6. However, even a weak alignment should be sufficient to observe a phase
shift in the alignment angle range of 40 − 60◦. This corresponds to harmonic orders 27 to 47 in
the former range. Using the latter range however, the predicted pi phase shift is outside the range
of harmonic orders over which we can measure the phase. The fact that we did not observe a pi
phase shift indicates either that the former range is incorrect and the latter range is correct or
that the model requires modification. The calculations of Levesque et al., which differ from the
calculations of Torres et al. primarily by including multielectron effects, predict phase shifts at
alignment angles ranging from 0 − 90 ◦ for a perfectly aligned molecule between harmonic orders
17 and 35 [60]. The exact location of these phase shifts depend on the details of how the HOMO
is calculated in GAMESS and whether electron exchange effects are included [74]. While a very
strong alignment would be necessary to observe those phase shifts when they occur near 0 or 90 ◦,
they should be easily observable in the middle range of 40− 60 ◦ corresponding to harmonic orders
19 to 23. Our alignment should have been strong enough to observe the phase shifts predicted by
this model, indicating that refinement of this model is necessary. These models currently predict
an angular dependence of phase that is not in agreement with our measurements.
5.5 Summary
In summary, we investigated the intensity and phase of high harmonic emission from CO2,
N2O and N2 as a function of time during rotational revivals containing strong alignment, which is
equivalent to scanning molecular alignment. We observed a characteristic pi phase shift in HHG
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emission in N2O as a function of alignment, showing a good consistency with the predictions of a
two-charge-center interference model. We found that current models do not describe HHG from
N2, since a pi phase shift in HHG emission as a function of alignment was not observed. This
disagreement likely arises from the invalidity of assumptions used in formulating current models.
In particular, some of these assumptions, those of neglecting the full structure of the HOMO and
neglecting contributions from lower orbitals, are less valid for the N2 molecule than they are for the
CO2 and N2O molecules, for which the two-center model can reasonably predict the characteristics
of HHG emission. This is because the nuclei in the CO2 molecule are symmetric, with a HOMO of
pig symmetry. Moreover, the HOMO-1 in CO2 is 3.5 eV lower than the HOMO [99] and therefore
does not contribute significantly to the HHG emission. Thus, as we found in past work, HHG
emission from CO2 is well approximated by a simple two-charge center model.
Similar to CO2, the two-center interference model can describe the observed harmonic emis-
sion from N2O. One probable reason for this is that the N2O HOMO has pig symmetry just as
in CO2. Even though the nuclei in the N2O molecule are not symmetric, as can be seen in Fig-
ure 5.7(a), the simple two-center structure still dominates, likely because we can only align but not
orient the molecules. Additionally, the HOMO and HOMO-1 are well separated by 3.6 eV [52], so
that for N2O, the contribution of the HOMO-1 to the HHG is likely to be negligible.
In contrast to CO2 and N2O, neither the two-center interference model nor the form of
model that includes the full structure of the HOMO in the calculation of the recombination matrix
element can describe the harmonic emission from N2. The HOMO of N2 does not possess a simple
two-center structure due to the nature of its constituent p and s orbitals. This lack of a clear
symmetry prevents the two-center model from correctly describing HHG from N2. Currently,
calculations of the recombination matrix element including the full HOMO of N2 may not be
accurate either because the length gauge is used, which recent calculations suggest may give inferior
results compared to the velocity gauge. Another difficulty arises concerning multielectron effects
because of the likely contribution from adjacent HOMO and HOMO-1 orbitals, which are separated
in energy by only 1.1 eV [70]. For N2, the HOMO has σg symmetry, whereas the HOMO-1 has piu
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symmetry. Due to their differing symmetries, quantum interferences in the recombination process
for these two orbitals should behave differently. Moreover, the possibility of electrons originating
from either of these orbitals creates an additional source of quantum interferences.
Finally, other approximations may need to be removed in order to improve agreement between
experiment and theory in the cases of all three molecules. Going beyond the plane wave assumption
to include the effect of the Coulomb potential on the recombining electron may be necessary [11,
14, 131, 117]. Additionally, the effects of ground state depletion may need to be included [47, 65].
Currently, models are focused on recombination but ionization may introduce significant effects
[62].
From our data it is evident that no significant correction is needed to the two-center inter-
ference model in the case of N2O even though it is a slightly less symmetric molecule. However,
in the case of N2 where a closely-adjacent HOMO-1 orbital and a HOMO that does not possess a
simple two-center structure complicate the situation, neither the two-center interference model nor
present models including the full structure of the HOMO in calculating recombination are valid.
Furthermore, eliminating additional approximations such as modeling the recombining electron as
a plane wave would likely improve agreement between theory and experiment for CO2, N2O, and
N2. Eliminating many of these approximations or quantitative rescattering theory may lead to
better agreement between experiment and theory [101, 49]. The question of the interplay between
the structural interference of the two-center model and the dynamic interference resulting from the
contribution of multiple ionization channels remains to be settled [101].
Chapter 6
High-Order Moments of the Alignment Distribution Observed in the Harmonic
Emission from Rotationally Excited Molecules
Control of field-free molecular alignment enables examination of how the harmonic emission
varies with molecular structure, and thus facilitates benchmarking of molecular HHG theories.
Furthermore, controlling molecular alignment, orientation and dynamics using light fields is an
important tool in molecular science because it makes it possible to selectively steer dissociation or
reactions in specific directions [45, 106, 21]. Although Chapter 3 describes the molecular alignment
created by rotational wavepackets in detail, the theoretical description of these rotational wavepack-
ets has not been benchmarked in any detail, because few tools can sensitively probe rotational
wavepacket revival structures in order to compare with theory. In this chapter, we demonstrate
that high harmonic generation is an extremely sensitive probe of rotational wavepacket dynamics,
uncovering information that cannot be extracted using other probes.
In past work examining HHG from rotationally excited molecules, molecular alignment fol-
lowing a pump pulse was characterized through the alignment parameter 〈cos2 θ〉 , where θ is the
angle between the aligning field and the molecular axis [32, 37]. A value of 〈cos2 θ〉 = 1 corresponds
to perfect alignment (i.e. all molecules aligned along the original polarization direction of the laser).
As described in Chapter 3, the time-dependent alignment distribution, or rotational angular dis-
tribution, of the molecules following impulsive excitation can also be calculated with a high degree
of confidence, with the major uncertainty being simply the intensity of the exciting laser pulse and
the rotational temperature of the sample. In HHG studies focused on the laser-induced rotational
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wavepacket revivals, relatively simple approximations were used to describe the HHG emission,
assuming 〈cos2 θ〉 or 〈sin2 2θ〉 alignment parameters [32, 37]. This is because high harmonics from
higher order revivals simply were not observed in these low signal-to-noise data, and thus were
not included in the models. However, Kanai et al. recognized that the HHG emission, as a very
high-order nonlinear process, could be sensitive to higher order moments of the alignment distribu-
tion and might be characterized by higher-order Legendre polynomials [37]. Abdurrouf and Faisal
have also theoretically described rotational revivals in terms of cosine moments 〈cosN θ〉 developing
a “revival theorem”. Although arbitrarily high N might in principle be represented in the HHG
yield, in practice, the largest N needed to describe the time dependence of the HHG yield depends
on the signal-to-noise ratio [1]. Ramakrishna and Seideman calculated the HHG from rotational
wavepackets, finding that in the case of N2, the dominant term in the expansion is 〈cos
4 θ〉 , but in
the case of O2, the dominant moment depends on the harmonic order [90, 91].
In this chapter, we demonstrate that high harmonic generation probes rotational wavepacket
dynamics with an unprecedented level of resolution, revealing more information than can be ex-
tracted using other probes. We detect higher order rotational revivals in molecules for the first time
(CO2 and N2O), and show that in general higher-order cosine moments of the alignment distribu-
tions (at least up to N=6) can predict the timing of fractional revivals, thus confirming the“revival
theorem of Abdurrouf and Faisal [1]. High harmonic generation during higher-order revivals is also
very sensitive to the experimental parameters, and can be used to extract the pump laser intensity
and the rotational temperature of the medium. Finally and remarkably, we find that the simple
and intuitive two-center interference model can reproduce most, but not all, aspects of our data
thus explaining how the alignment distribution is related to the high harmonic generation. These
high-resolution measurements thus serve to benchmark theories of HHG from molecules [90, 1] and
of rotational wavepackets in general. Given the range of theoretical models for HHG from molecules
in particular, high fidelity data can help to probe our level of theoretical understanding of molecular
HHG.
We note that other methods can also be used to observe rotational wavepackets. Dooley et
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al. used Coulomb explosion to study rotational revivals in N2 and O2, where the smallest revival
observed was the 1/8 revival in O2 [19]. Polarization techniques used to study molecular alignment
are specifically sensitive to the 〈cos2 θ〉 alignment parameter, meaning that these methods are
incapable of measuring higher order moments of the alignment distribution and the associated
smaller revivals. For example, Loriot et al. used femtosecond time-resolved optical polarigraphy
and observed the 1/4, 1/2, and full revivals in O2 and CO2 [68]. Wu et al. observed the 1/4 and
1/2 revivals in N2 using cross-(de)focusing assisted polarization spectroscopy [125]. Finally, Renard
et al. observed the 1/4, 1/2, 3/4 and full revivals in CO2 using a weak field polarization technique
[93].
6.1 Experimental setup
In our experiments, we used a Ti:sapphire laser-amplifier system producing ∼25 fs pulses at
800 nm wavelength, running at a 1 kHz repetition rate. The beam is split into pump and probe
beams. The pump pulse is stretched to 120 fs and then focused into a continuous supersonic gas
jet of CO2 or N2O to rotationally excite the molecules. The probe beam is focused into the gas jet
to generate harmonics. The focus of the probe beam is placed slightly before the gas jet so that
the divergence of the beam selects for optimum phase matching of only the short HHG quantum
electron trajectories [6]. The intensities of the pump and probe beams are ∼ 2 − 6 × 1013 W/cm2
and ∼ 1−2×1014W/cm2, respectively. The gas jet is a tube with diameter ∼150 µm, continuously
backed with gas at a pressure of ∼700 Torr. The estimated rotational temperature of the molecules
is ∼60-100 K. The HHG light is observed using an EUV spectrometer (Hettrick Scientific) with an
EUV CCD camera (Andor) to acquire spectra. Prior to entering the spectrometer, the IR light is
blocked using a pair of 200 nm-thick aluminum filters.
6.2 Results
Figure 6.1(a) plots the intensity of the 31st harmonic generated in CO2 as a function of
time delay between pump and probe pulses (solid black line) along with a fit using the two-center
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interference model (dashed red line). The two-center fit will be discussed in later paragraphs. The
1/4, 1/2, 3/4, and full revivals are clearly present, along with the initial alignment and coherent
artifact at time zero. Smaller revivals, previously unreported in CO2, are also clearly visible at
time delays corresponding to 1/12 and 1/6 of the rotational period, along with the 1/8 revival,
and at integer multiples of those time delays. Figure 6.1(b) zooms in on a smaller time interval to
better observe these fractional revivals. Figure 6.2 shows a similar measurement and fit for the 25th
harmonic emitted by N2O molecules. Chapter 5 studied the 1/2 revival of N2O, but new features
are clearly visible at 1/6, 1/4, 1/3, 2/3, 3/4, and 5/6 of the rotational period.
6.2.1 Cosine moments
HHG from CO2 and N2O can be understood to a first approximation as originating from a
two-center model as described in Chapter 5. From our data it is apparent that HHG emission in
both CO2 and N2O molecules is generally anti-correlated with the alignment parameter 〈cos
2 θ〉.
Recall that this latter behavior can be understood primarily as a two-center interference effect
where the electron can recollide with either of two centers of electron density. For the internuclear
distances and molecular orbital shapes in these two molecules, this leads to destructive interference
when the molecular axis is aligned along the laser polarization direction. The differences, however,
between the revival structures of CO2 and N2O, as are apparent in scans of full rotational periods
shown in Figures 6.1(a) and 6.2(a), originate primarily from nuclear spin statistics as described
in Chapter 3. Since the oxygen atoms in CO2 are indistinguishable, the symmetry constraints on
the overall wavefunction require that only even J states are present in the rotational wavepacket.
However, N2O is non-symmetric, so even and odd J states are equally represented in the rotational
wavepacket. As a consequence of the J state distributions, the initial alignment and the 1/4, 1/2,
3/4, and full revivals are present in the 〈cos2 θ〉 moment for CO2, but only the initial alignment and
the 1/2 and full revivals are present in the 〈cos2 θ〉 for N2O, as shown in Figures 6.3(a) and 6.4(a).
This is because for 〈cos2 θ〉, the phase for the even and odd J states differ by pi at the 1/4 and 3/4
revivals, so these revivals are cancelled out in the case of N2O. This is the same basic underlying
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Figure 6.1: Normalized experimental HHG intensity (solid black) and fits to the two-center inter-
ference model integrated with the alignment distribution (dashed red) for the 31st harmonic from
CO2 for (a) the full rotational period and (b) for the time period indicated by the dashed black
box in (a).
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Figure 6.2: Normalized experimental HHG intensity (solid black) and fits to the two-center inter-
ference model integrated with the alignment distribution (dashed red) for the 25th harmonic from
N2O for (a) the full rotational period and (b) for the time period indicated by the dashed black
box in (a).
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reason that the 1/4 and 3/4 revivals are weak compared to the 1/2 and full revivals in N2 [1]. Yet,
the 〈cos2 θ〉 does not explain the appearance of the smaller revivals shown in Figures 6.1(b) and
6.2(b).
Following the analysis of Abdurrouf and Faisal, higher order cosine-moments up to N = 6 can
however help to explain the new revivals observed in our data [1]. (Recall that the previously-used
parameter 〈sin2 2θ〉 is a mix of both 〈cos2 θ〉 and 〈cos4 θ〉 ). As introduced in Chapter 3, the smallest
revival present in a given cosine-moment 〈cosN θ〉 is given by the “revival theorem” introduced by
Abdurrouf and Faisal -
Tmin =
1
nN
Tr, (6.1)
where n is 1 for molecules with a permanent dipole moment (non-symmetric molecules) and 2 for
molecules without a permanent dipole moment [1]. The n accounts for when the phases of the
even and odd J states differ by pi and cancel out a given revival. The highest cosine moment
required to describe data will depend on the signal-to-noise level, since revival structures that
first appear in higher order moments are smaller in amplitude than revivals that first occur in
lower order moments. The smallest revivals we observe are 1/12 in the case of CO2 and 1/6 in
the case of N2O, so Equation 6.1 predicts that the higher order moment 〈cos
6 θ〉 will contain all
of the observed revivals. This moment is shown in Figures 6.3(b) and 6.4(b) for CO2 and N2O,
respectively. Figures 6.3(c) and 6.4(c) show the smaller features corresponding to the novel smaller
revivals at early time delays. Since 〈cos2 θ〉 and 〈cos6 θ〉 appear similar at times corresponding
to the 1/2 and full revivals, the smaller revivals better reveal which moment best describes the
harmonic signal.
A close examination of the smaller revivals is therefore required. These features are clearly
visible in HHG from CO2 and N2O, as opposed to N2 and O2 molecules, because they have relatively
long rotational periods (∼40 ps), and thus there is sufficient time between the previously observed
low-order revivals for their observation. As discussed above, it is well known that generally HHG
from CO2 and N2O is anti-correlated with 〈cos
2 θ〉. To find the correspondence between the HHG
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Figure 6.3: (a) Calculated alignment moment 〈cos2 θ〉, and (b) calculated alignment moment
〈cos6 θ〉, for CO2 for a temperature of 95 K and a pump intensity of 4.5 × 10
13 W/cm2. (c)
during the time indicated by the dashed box in (b) and data (dotted red) from Figure 6.1(b) scaled
and shifted for comparison. The 1/8 revival is anti-correlated with 〈cos6 θ〉, but the 1/12 and 1/6
revivals are correlated with 〈cos6 θ〉. The positions and general shapes of the revivals are well repro-
duced by 〈cos6 θ〉, but the HHG intensity is not predicted by the alignment moments. (d) Angular
distributions corresponding to times of strong alignment and strong anti-alignment as indicated by
the colored dots in (a). The calculations follow the procedure described in Chapter 3.
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Figure 6.4: (a) Calculated alignment moment 〈cos2 θ〉 and (b) calculated alignment moment 〈cos6 θ〉
for N2O for a temperature of 70 K and a pump intensity of 3.0× 10
13W/cm2. (c) during the time
indicated by the dashed box in (b) and data (dotted red) from Figure 6.2(b) scaled and shifted
for comparison. The 1/4 revival is anti-correlated with 〈cos6 θ〉 but the 1/6 and 1/3 revivals are
correlated with 〈cos6 θ〉 . The positions and general shapes of the revivals are well reproduced by
〈cos6 θ〉 , but the HHG intensity is not predicted by the alignment moments. The calculations
follow the procedure described in Chapter 3.
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and 〈cos6 θ〉, we compare the experimental HHG data shown in Figures 1 and 2 for CO2 and
N2O with the alignment moment calculations of Figures 6.3 and 6.4. In the case of CO2, the
1/8 revivals follow the inverse of 〈cos6 θ〉 but the 1/12 and 1/6 revivals follow 〈cos6 θ〉. The same
holds true for the multiples of these revivals. In the case of N2O, the 1/4 and 3/4 revivals follow
the inverse of 〈cos6 θ〉 but the 1/6, 1/3, 2/3, and 5/6 revivals follow 〈cos6 θ〉. While the revival
theorem correctly predicts the presence of these features and gives a general idea of the shapes of
the HHG modulations, further analysis is needed to predict the HHG intensity. Note that the full
information about the rotational wavepacket is contained in the rotational angular distribution,
and cosine moments are merely representations of this distribution.
6.2.2 Two-center interference model
To understand why the HHG is either correlated or anti-correlated with a given alignment
moment and to determine the HHG intensity, as a first approximation the rotational angular
distribution can be integrated with the two-center interference model. In Chapter 5 we showed
that the two-center interference model can well describe HHG from CO2 during the 3/4 revival
and HHG from N2O during the 1/2 revival. Here, we extend this model to a full rotational period.
The highest occupied molecular orbitals of CO2 and N2O are both generally antisymmetric, and
thus, as described in the previous chapter, HHG from a perfectly aligned molecule in the two-center
model is given by
H(θ) = A sin(
piR
λ
cos θ), (6.2)
where A is a scaling factor, R is the distance between centers of electron density, λ is the wavelength
of the recombining electron, and θ is the alignment angle. To obtain the harmonic intensity from
molecules distributed over a range of angles, the HHG from a perfectly aligned molecule must be
integrated with the angular distribution, which serves as a weight factor over the alignment angle
θ. Recall that the harmonic yield for a given angular distribution is then
I(t) =
∣∣∣∣
∫ pi
2
0
H(θ)ρ(θ, t) sin θdθ
∣∣∣∣
2
+ C, (6.3)
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where ρ(θ, t) is the rotational angular distribution and C is for background compensation. Note that
the azimuthal angle φ has already been integrated out of the angular distribution ρ(θ, t) due to the
cylindrical symmetry present in the experiment. The sine factor is left following that integration.
Fits to this model for CO2 and N2O are shown as the dashed red lines in Figures 6.1 and 6.2,
respectively. The fits were obtained through a least-squares fitting procedure with A, B(= R/λ),
and C as the fit parameters. The model well reproduces the general features of all revivals present
and also indicates the presence of even smaller revivals that are at the noise level. Comparing
with Figures 6.3 and 6.4 that plot the 〈cos6 θ〉 alignment moments, it is clear that the two-center
model includes cosine moments up to N = 6 and beyond. This might be expected given that
the two-center model can be expanded in terms of Legendre polynomials PL(cos θ) and the cosine
moments can be written as a superposition of these Legendre polynomials.
6.2.2.1 Angular distribution
In the fits to Equation 6.3, the rotational angular distribution is integrated with the two-
center interference model. Destructive interference during the electron recollision occurring at times
of strong alignment (0.23, 21.21, 32.09, and 42.96 ps for CO2 and 0.25, 19.7, and 40.01 ps for N2O)
and constructive interference occurring at times of strong anti-alignment (10.73, 21.60, 42.58 ps for
CO2 and 20.15 and 39.63 ps for N2O) explain why the HHG signal is weakest when the molecular
distribution is aligned to the laser polarization and strongest when the distribution is anti-aligned.
However, the exact mechanism at higher-order revivals where the angular distribution cannot be
described as either strongly aligned or anti-aligned is less clear. To help understand the mechanism,
we can look at Figures 6.5 and 6.6. Figure 6.5 shows the angular distribution multiplied by the
factor sin θ for CO2 as a function of time during the time delays corresponding to the 1/12, 1/8,
and 1/6 revivals. Clear modulations in the angular distribution are visible at times corresponding
to these revivals. Other features are also present but likely modulate the harmonic signal below
the noise level. Note that although any given moment of 〈cosN θ〉 may be flat between revival
structures, the angular distribution is not necessarily isotropic. While the modulations in the
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alignment distribution clearly affect the harmonic emission, combining the angular distribution
with the two-center interference model is needed for full understanding as discussed above.
Figure 6.6(a) plots H(θ), which is the HHG predicted by the two-center model for a perfectly
aligned molecule, for harmonic orders 25, 31, and 37 (solid lines). The angular distributions (dashed
lines) multiplied by sin θ at two key times during the 1/3 revival in N2O are also plotted. From
Figure 6.6(a) one can see that the HHG signal is correlated with 〈cos6 θ〉 during this revival. Recall
that 〈cos6 θ〉 contains limited information, as this is only one representation of the rotational angular
distribution. The red dashed curve corresponds to a time of a minimum in the harmonic yield, while
the blue dashed curve corresponds to a time when the HHG yield maximizes. The corresponding
angular distributions are also shown as red/blue polar plots in Figures 6.6(b) and 6.6(c). At the first
(red) time delay, there is a pronounced minimum in the angular distribution near 60 degrees - the
angle of maximum constructive interference in the two-center interference model. There is also a
peak in the angular distribution near 30 degrees, which is near the angle of destructive interference.
Thus, it is not surprising that the HHG signal would be small at this time delay. In contrast,
at a time corresponding to a maximum in the harmonic yield (blue), the angular distribution is
flatter. However, there is a small maximum in the angular distribution near 60 degrees and a
small minimum near 30 degrees. This explains why the harmonic yield maximizes there. Similar
modulations in the angular distribution explain the other small revivals.
This picture of weighting the two-center interference model over the angular distribution
as described by Equation 3 explains whether a given revival is correlated or anti-correlated with
alignment moments. In the cases of CO2 and N2O, the HHG is generally anti-correlated with
alignment parameters, primarily due to the destructive interference that occurs at times of strong
alignment. The 1/3 and other revivals which are correlated with the alignment parameters are the
exception. As can be seen in Figure 6.6, this primarily arises because the largest change in the
angular distribution at these times occurs near the position of maximum constructive interference
rather than near the position of maximum destructive interference. Thus, although at times the
overall angular distribution may increase in alignment slightly and increase the alignment moments,
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Figure 6.5: Calculated angular distribution ρ(θ, t) multiplied by the sin θ factor, for CO2 for a
temperature of 95 K and a pump intensity of 4.5× 1013W/cm2, following the procedure described
in Chapter 3. Small modulations of the angular distribution are visible at the times of revivals indi-
cated by 〈cos6 θ〉 shown on the left. Yet smaller modulations are visible at other times corresponding
to revivals indicated by higher values of N .
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Figure 6.6: (a) Harmonic emission for N2O based on the two-center model for the 25
th(solid black),
31st(solid green), and 27th (solid blue) harmonics, calculated using R = 0.231nm, A = 1, and the
dispersion relationship Ek = nhν, where Ek is the recombining electron kinetic energy, and ν is the
frequency of the fundamental laser field. Also shown are the angular distribution ρ(θ, t) multiplied
by the sine factor at time delays of 13.141 ps (dashed red) and 13.460 ps (dashed blue), calculated
for N2O using a temperature of 70 K and a pump intensity of 3.0× 10
13W/cm2. Polar plots of the
calculated angular distributions for (b) 13.141 ps and (c) 13.460 ps. The harmonic emission shown
in (a) weighted by the angular distributions shown in (a), (b), or (c) gives the harmonic yield.
This convolution is shown for the 1/6, 1/4, and 1/3 revivals in Figure 6.2(b) confirming that the
two-center model correctly predicts the relation between the alignment moments and the harmonic
intensity.
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the behavior near the angle of maximum constructive interference increases the harmonic yield. This
leads to the HHG correlation with the alignment parameters in contrast to the anti-correlation of
low-order revivals. Therefore, calculations using Equation 3 reveal the amplitude and phase of the
HHG.
6.2.2.2 Variation with harmonic order
The two-center model can also explain the variation in the revival structures with harmonic
order. In the previous chapter, the change in H(θ) with harmonic order was used to explain the
presence of local maxima during times of strong alignment in the 1/2 and 3/4 revivals, that grew
larger with increasing harmonic order. In the case of the small fractional rotational revivals, the
dependence on harmonic order is not as strong since the angular distribution is not as localized.
We do observe that the amplitudes of the 1/12 and 1/6 revivals grow relative to the 1/8 revival in
the case of CO2 and that the amplitude of the 1/6 and 1/3 revivals grow relative to the 1/4 revival
in the case of N2O with increasing harmonic order. This general behavior is reproduced by the fits
to the two-center model.
6.2.2.3 Extraction of experimental parameters
It is useful to note that these fits to the two-center model are very sensitive to the rotational
temperature and pump laser intensity used to calculate the angular distribution. These parameters
affect the width of the revival features and the number of oscillations in a given revival structure, and
are often difficult to otherwise estimate accurately. We can determine the rotational temperature of
the sample and the pump (alignment) laser intensity by comparing the quality of the fits over a range
of temperatures and intensities. We calculated the angular distributions over a temperature range
of 75 K to 105 K and an intensity range of 2.8−6.0×1013W/cm2 in the case of CO2, and over ranges
of 50 K to 110 K and 2.0−5.0×1013W/cm2 in the case of N2O. The best overall fits were obtained
for 95±10K and 4.5±0.5×1013W/cm2 for CO2 and 70±10K and 3.0±0.5×10
13W/cm2 for N2O. All
of these parameters are within the range of experimental estimates. The best-fit parameters vary
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somewhat with harmonic order. Generally, higher harmonic orders are better fit by higher laser
intensities. This makes sense because higher order harmonics are on average generated in a region
of higher pump intensity as they are generated in the highest energy region of the focal spot. Note
that Yoshii et al. have estimated the rotational temperature from HHG by examining the Fourier
spectrum [130]. This method focused on the frequency domain should be roughly equivalent to our
method focused on the time domain. Our method, however, makes use of the two-center model
which we have shown well describes the data, rather than the model of HHG as a superposition of
alignment moments which has not yet been presented for CO2 and N2O. Finally, given that these
molecules have relatively long rotational periods, the temperature estimate may be clearer in the
time domain than in the frequency domain.
6.2.2.4 Limitations of two-center interference model
Despite the ability of the two-center model to fit the overall revival structures corresponding
to higher order alignment moments in HHG from CO2 and N2O, there are limitations. Chapter
5 already demonstrated that the two-center model does not successfully describe HHG from N2.
Also note that due to the shorter rotational period of N2, revival features higher order than the
1/8 revival are difficult to discern in that case. Returning to the current discussion of HHG from
CO2 and N2O, the fit parameter B(= R/λ) is related to the harmonic order and thus controls the
features that vary with harmonic order - such as the appearance of the local maximum in the 1/2
and 3/4 revivals and the relative amplitude of the small revivals. The values of B that best fit the
1/2 revivals are generally smaller than the values of B that best fit the small revivals. For example,
in the case of the 31st harmonic in CO2 the best fit values for B are 1.329±0.005 and 1.463±0.013
for fits to the 1/2 revival and the small revivals (1/12, 1/8, and 1/6), respectively. The difference
in values is typically in the range of 0.1 - 0.3 for most harmonic orders in CO2 and N2O. Given that
the two-center model is not a complete model, and because averaging over the angular distribution
is not exactly correct [90], these limitations are not surprising. Nonetheless, the ability of a simple
two-center model to reproduce minute details in the smaller rotational revivals is remarkable.
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6.3 Summary
In conclusion, the high-order nature and structural sensitivity of HHG make it particularly
attractive as a means of studying rotational coherences. HHG can detect higher moments of
the alignment distributions in small molecules, showing that it is a more sensitive probe than
other approaches, and demonstrating that cosine moments at least up to N = 6 must be used
to correctly predict the fractional revivals exhibited by HHG from molecules in agreement with
the revival theorem [1]. Our experimental data provide further benchmarking for the theories of
Abdurrouf and Faisal and of Ramakrishna and Seideman which show that HHG is a sensitive
probe of rotational wavepackets [1, 90]. HHG from higher-order revivals is also very sensitive to
the experimental parameters since these parameters strongly influence the alignment distribution,
and can be used to extract the pump laser intensity and the rotational temperature of the medium.
Finally and remarkably, we find that the simple and intuitive two-center interference model can
reproduce most, but not all, aspects of our data thus explaining the mechanism connecting the HHG
and the alignment moments. These improved measurements of rotational wavepackets may also be
useful for studying molecules in a dissipative medium [91], rotational wavepackets themselves, and
in extracting molecular structure and dynamics from the high harmonic signal.
Chapter 7
Polarization of Harmonic Emission from Aligned Molecules
Polarization measurements complete the characterization of the properties of the harmonic
emission from aligned molecules. The previous chapters examined the harmonic intensity and
phase as a function of time delay after the aligning pulse. This revealed information about the
harmonic generation process itself, showing to what extent the two-center model can describe HHG.
Additionally, these measurements show that HHG probes rotational wavepackets with extremely
high resolution. In this chapter, the time delay between the pump and probe pulses is fixed,
and the molecular alignment is scanned by rotating the angle between the polarizations of the
pump and probe. Here the rotational wavepackets are used solely as a means to achieve strong
molecular alignment. Through controlling the molecular alignment together with the properties of
the driving laser, the HHG polarization can be controlled. The first step to achieving this control is
to understand how the harmonic polarization depends on the molecular structure and the driving
laser properties. This chapter briefly reviews previous work in our group measuring the polarization
state of HHG with a linearly polarized driving laser [132] and also describes polarization-resolved
measurements with an elliptically polarized driving laser [66].
Efficient generation of elliptically or circularly polarized HHG light would be very useful for
studying ultrafast dichroism effects in materials and molecular systems, particularly since methods
for directly transforming the polarization state of HHG light are inefficient (i.e. 1% ) [129, 30, 128].
Generating elliptically-polarized HHG light is possible even from atoms, if the HHG process is driven
by an elliptically polarized laser field. However, the HHG flux decreases quickly with increasing
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ellipticity [18] because the driving laser steers the recolliding wave packet away from a head-on
recollision with the core. Furthermore, the ellipticity of the harmonics is generally less than that
of the driving laser [3]. The use of an extended target such as a molecule may ameliorate this
recollision issue.
However, to date, high harmonic generation even from simple molecules is not well understood
in theory. The two-center model and even the standard Lewenstein model do not predict elliptically
polarized HHG when using a linearly polarized driving laser field, in contrast with measurements.
Several advanced theories propose to explain these effects. Ramakrishna et al. include the molecular
potential in their calculations [92], while Etches et al. include additional electron trajectories in
which the electron ionizes from one atom and recombines to another [22]. Smirnova et al. include
multiple ionization channels and describe how the electron hole moves between ionization and
recombination [101]. Additionally, Le et al. have also matched certain aspects of the experimental
observations using quantitative rescattering theory in which they model recombination as the time-
reversed process of photoionization [50].
However, most models have not yet addressed the case of an elliptically polarized driving laser
because the calculations are very challenging. Odz˘ak and Milos˘evic´ have addressed this case for N2,
O2, and Ar2 [83]. They found an elliptical dichroism and also observed that increasing ellipticity
tends to blur interference effects. Unfortunately, this model predicts destructive interferences as
a function of alignment angle that vary in location with harmonic order. Since these are not
experimentally observed, the extension of the model to the elliptical case is not likely to make
correct predictions. To distinguish and test these theories, advanced experimental measurements
are needed.
7.1 Linearly polarized driving laser
In our first set of experiments, we measured the polarization of the harmonics generated from
aligned molecules with a linearly polarized driving laser [132]. Polarization measurements reveal
details about the recombination process specifically because the ionization and propagation steps
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are the same for both the parallel and perpendicular components. In these experiments, we used
two gold mirrors at 45 degrees incidence as EUV polarizers. Rotating these polarizers is impractical,
so instead we rotate the polarization of the pump and probe beams together using a half waveplate.
Additionally, the pump beam is timed to the 1/2 revival in N2 and the 3/4 revival in CO2 to achieve
maximum alignment. Scanning the polarization direction of the pump beam relative to the probe
beam (using a half waveplate in the pump path) scans the molecular alignment direction. This
breaks the cylindrical symmetry present in the experiments present in the previous two chapters.
This leads to the generation of a component of the HHG polarization perpendicular to the driving
laser polarization direction. Since atomic HHG from a linearly polarized driving laser will be
linearly polarized, we calibrated our setup with HHG from argon.
Using this setup, we measured the ratio between perpendicular and parallel components of
the harmonic polarization
E‖
E⊥
= tan(γ), as defined in Figure 7.1(a). Scanning the pump and probe
beam polarizations also reveals the orientation angle of the polarization ellipse φ and the ellipticity
ε = tan(χ) = EminorEmajor as also shown in Figure 7.1(a). Figure 7.1(b) shows the orientation angle
as a function of alignment angle and harmonic order for HHG from N2. For harmonic orders
below 19, the polarization ellipse rotates towards the molecular axis, while above harmonic 19,
the polarization ellipse rotates away from the molecular axis. At harmonic 19, the long axis of
the polarization ellipse is in the same direction as the polarization direction of the driving laser.
This means that the perpendicular component of harmonic 19 contributes purely to the ellipticity.
Figure 7.1(c) shows the ellipticity for N2 which peaks for harmonic 21 near 0.35. From the measured
parameters, we can extract the phase between the parallel and perpendicular components δ using
the relations
sin(2χ) = sin(2γ) sin(δ) (7.1)
tan(2φ) = tan(2γ) cos(δ), (7.2)
as shown in Figure 7.1(d). The phase increases with harmonic order crossing pi/2 at harmonic
19 where φ is 0. Similar measurements for CO2 reveal only a very small ellipticity barely above
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Figure 7.1: (a) Illustration of polarization parameters, (b) Orientation angle of HHG from N2 as
a function of alignment angle and harmonic order, (c) Ellipticity of HHG from N2 as a function of
harmonic order for select alignment angles, (d) Phase difference between parallel and perpendicular
components as a function of harmonic order for select alignment angles. Adapted from [132]
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the noise level. This difference between HHG from N2 and CO2 indicates the importance of the
molecular structure to the properties of the harmonic emission, in agreement with the intensity
and phase measurements described in Chapter 5.. Previous measurements showed that the two-
center model works well for CO2 but not N2. Modeling harmonic emission from N2 may be more
complex due to the contributions of multiple molecular orbitals to the process and the structure of
the HOMO. We measured the ellipticity due to strong molecular alignment and improved signal-
to-noise over Levesque et al. [60] The model of Ramakrishna et al. fits the phase δ successfully.
Etches et al. and Le et al. each calculated the ratio of perpendicular to parallel components and
found agreement in the general behavior but not in exact magnitude.
7.2 Elliptically polarized driving laser
In an effort to increase the ellipticity of the harmonics, we use an elliptically polarized driving
laser, and then analyze the elliptically polarized harmonic emission. Past work measured only the
amplitude of the HHG under these conditions [7,8]. However, knowledge of both polarization
components is required to help distinguish which physical effects must be included in theories of
molecular HHG (e.g. Coulomb distortion, recombination to different locations, electron dynamics
etc.). Our observations of a structure-dependent dichroism suggest that electron dynamics within
the molecule influences high harmonic emission from molecules.
In our experiment, shown schematically in Figure 7.2, a pump pulse aligns the molecules
while a probe pulse generates harmonics in a supersonic gas jet of Ar, N2, or CO2 as described in
Chapter 4. The angle between the pump and probe polarization (the alignment angle) is controlled
using a half-wave plate in the path of the pump beam, while the ellipticity of the probe pulse is
controlled by a fixed quarter-wave plate and a rotatable half-wave plate. Two gold mirrors at 45
degrees angle-of-incidence analyze the HHG polarization as in the previous experiment
To calibrate our setup, we first measured the two HHG polarization components generated
from Ar. As expected, the intensity of the parallel HHG component decreases with increasing driver
ellipticity, and decreases faster for higher harmonic orders (the parallel and perpendicular compo-
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Figure 7.2: (a) Illustration of elliptically polarized driving laser generating harmonics from a N2
molecule. (b) The driving laser fields ellipticity controls the electron trajectory. The parallel and
perpendicular components of HHG are defined relative to the long axis of the driving laser field
polarization ellipse.
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nents of HHG are defined relative to the long axis of the driving laser field polarization ellipse).
The perpendicular HHG component first increases with small ellipticity, reaches a maximum, and
then decreases with further increase in ellipticity. However, for the case of HHG from N2 molecules
driven by elliptically polarized laser fields, both the parallel and perpendicular components are
maximized at nonzero driver ellipticity when the molecules are aligned at angles other than 0◦ or
90◦, as shown in Figure 7.3(a) for harmonic orders 15 and 21. Data is normalized at each alignment
angle. The variation with harmonic order is weak. The value of ellipticity that maximizes the emis-
sion depends on the molecular alignment. In the case of the parallel HHG component, a negative
ellipticity maximizes the harmonic yield when the alignment angle is negative, and vice-versa. This
general behavior would occur if upon recollision the electron recombines with a hole in the ion
bound-state wave function that is displaced from the origin of the ionized free electron. This might
occur if the free electron originates from the region of the molecule at the lowest potential, but that
the hole location moves within the molecule before recombination.
The parallel HHG component increases when the laser field ellipticity drives the electron
to recombine along the molecular axis, whereas the perpendicular component increases when the
laser field ellipticity drives the electron to recombine further away from the molecular axis. This
represents an elliptical dichroism. Furthermore, the magnitude of the ellipticity that maximizes the
perpendicular component is larger than that which maximizes the parallel component, as expected.
For example, at an alignment angle of -50◦ for the 15th harmonic, an ellipticity of -0.017 maximizes
the parallel component, while the perpendicular component peaks for 0.08. Figure 7.4 shows
data for CO2 that reveals similar trends as in the case of N2 though the details are different.
This indicates that, in a departure from all previous experiments, this effect may not be strongly
structure dependent. Also note that the harmonic order dependence is minimal, although the
dichroism is slightly larger at lower harmonic orders. This may be evidence that this is a near-
threshold ionization effect.
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Figure 7.3: (a) The parallel component of the 15th harmonic and (b) the perpendicular component of
the 21st harmonic from N2 as functions of driving laser ellipticity and alignment angle. Components
are normalized at each pump-probe angle.
Figure 7.4: (a) The parallel component of the 15th harmonic and (b) the perpendicular compo-
nent of the 21st harmonic from CO2 as functions of driving laser ellipticity and alignment angle.
Components are normalized at each pump-probe angle.
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Following Odz˘ak and Milos˘evic´ [83], we define an elliptical dichroism parameter
D =
I+ − I−
I+ + I−
, (7.3)
where I+ is the harmonic intensity for positive ellipticity and I− is the harmonic intensity for
negative ellipticity. Odz˘ak and Milos˘evic´ calculated this parameter for N2 but not for CO2. For
comparison, Figure 7.5 plots the measured parameter for N2 as function of alignment angle and
harmonic order. The fact that the sign of the calculated dichroism is generally opposite of the
measured dichroism may indicate opposite definitions of the ellipticity sign. However, Odz˘ak and
Milos˘evic´ do not make their definition clear. Calculations and measurements do agree in that
the largest change in the dichroism occurs at lower harmonic orders. Though our measurements
are presented for both polarization components, the dichroism calculations are presented without
polarization resolution. Interestingly, the dichroism of the measured parallel component varies more
with alignment angle than the perpendicular component does. The agreement between theory and
experiment is unconvincing, indicating the need for more advanced models.
7.3 Summary
We have performed polarization-resolved measurements of HHG from aligned molecules using
both a linearly polarized driving laser and an elliptically polarized driving laser. We have shown
that elliptically polarized harmonics can be generated even when using a linearly polarized driving
laser. Additionally, we have demonstrated a structure-dependent elliptical dichroism. Various
theories propose to explain the results by including the Coulomb potential, additional electron
trajectories, and by including electron dynamics between ionization and recombination in models
of the HHG process. However, more advanced theories are required to explain the results with
an elliptically polarized driving laser. Conceptually, the sign of the laser ellipticity controls the
ionized electron trajectory, while the alignment of the molecules controls the recollision geometry.
Use of an orthogonally polarized two-color driving laser would provide even more control over
the electron trajectory, and more strongly aligned molecules would improve the comparison to
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Figure 7.5: The dichroic ratio for N2 as a function of alignment angle and harmonic order with
ellipticity 0.1 (a-c) and 0.2 (d-f) and for the parallel (a,d) and perpendicular (b,e) components and
the total intensity (c,f).
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theory and possibly increase the magnitude of the ellipticity. Future experiments will extend the
polarization measurements to photon energies of 70 eV. Current measurements have been limited
by the decreased reflectivity of gold mirrors at higher energies. Improved control of harmonic
polarization would allow for designer polarization states and advanced materials and molecular
measurements [41, 94].
Chapter 8
Summary and Outlook
In this work, we have measured the HHG intensity, phase, and polarization from rotationally
excited molecules. Observations of the intensity and phase of the harmonic emission confirmed the
simple two-center interference model predicts HHG from CO2 and N2O correctly. However, we
showed that HHG from N2 is more complex. We demonstrated that HHG is the most sensitive
probe of rotational wavepackets. The two-center interference model correctly predicts HHG from
both low-order and high-order alignment moments thus showing that HHG is sensitive to even very
small modulations of the angular distribution. Finally, polarization-resolved measurements of the
harmonic emission revealed an elliptical dichroism in HHG from aligned molecules.
With the complete measurement of all of the properties of the harmonic emission from ro-
tationally excited small, linear molecules, we have shown both the success and the limitations of
current theories of molecular HHG. While two-center interference is the primary effect behind HHG
from CO2 and N2O with a linearly polarized driving laser, this simple model does not extend to N2
or to the case of an elliptically polarized driving laser. In order to model HHG from more complex
molecular systems, more complete models are needed. Quantitative rescattering theory (QRS) has
shown great promise successfully reproducing the harmonic emission properties so far. The theory
on HHG from rotational wavepackets by Ramakrishna and Seideman also successfully describes the
harmonic intensity. There is still debate on the subject of whether the interference effects observed
are dynamic or structural. However, the effect of using an elliptically polarized driving laser is
still not well understood. We have made progress in understanding both how to extract molecular
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structure and dynamics from the harmonic emission and how to manipulate the harmonic emission
through control of the driving laser and molecules. Nevertheless, more experimental and theoretical
investigations are required.
In future work, several improvements to the experimental setup will help to elucidate this
problem. One issue with extending this work to larger molecules is that they tend to have lower
ionization potentials which means that fewer harmonic orders are produced. Recently, we gained the
capability in our lab to use a 1300 nm driving laser to extend the cutoff. Additionally, polarization
measurements so far have been limited by the reflectivity of gold mirrors at higher energies. In order
to extend polarization measurements to higher photon energies, we are working with collaborators
to obtain broadband polarizing multilayer mirrors that function from 40-70 eV. Another extension
of polarization-resolved measurements is to use an orthogonally polarized, two-color driving laser
field to better control the electron trajectory and thus better control the harmonic polarization.
Finally, this work can be extended into more complex molecular dynamics. We now have short-
pulse 267 nm light capable of dissociating CF3I. The short pulse will allow us to resolve vibrations
of the CF3 fragment following the dissociation. Development of short pulse 200 nm would allow
us to also observe HHG from dissociating N2O. Since we are familiar with the HHG from these
dissociation fragments, our understanding of HHG from dissociating molecules may be improved.
In conclusion, extracting molecular structure and dynamics from the HHG process is dif-
ficult given that both ionization and recombination may contribute to the modulations. In this
regard, strong field processes observed with a velocity map imaging spectrometer or with Cold
Target Recoil Ion Momentum Spectroscopy (COLTRIMS) may seem more straightforward since
these techniques collect photoelectrons and photoions. However, recombination is more sensitive
to molecular structure than ionization is, due to the decrease of the deBroglie wavelength of the
electron between ionization and recombination. Even so, extracting molecular structure from the
recombination process is difficult. In our lab, we can potentially collect data on the same molecular
system through velocity map imaging and HHG simultaneously. This may lead to novel insights
into strong field processes in molecules.
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Appendix A
Calculation of the rotational wavepacket
A.1 The Hamiltonian
The Hamiltonian of the interaction between a molecule and a laser field is
H(t) = H0 − ~µ · ~ε(t), (A.1)
where H0 is the field-free Hamiltonian, ~µ is the dipole moment, and ~ε is the laser electric field. The
dipole moment can be written
~µ = ~µ0 · ~ε+
1
2
~µind · ~ε, (A.2)
where ~µ0 is the permanent dipole moment and ~µind is the induced dipole moment. The induced
dipole moment is α · ~ε, where α is the polarizability tensor, so Equation A.1 becomes
H(t) = H0 − ~µ0 · ~ε−
1
2
(α · ~ε) · ~ε. (A.3)
H0 can be written BJ
2, where B is the rotational constant of the molecule. For a linear molecule
aligned along the x-axis, where α‖ is the polarizability along the molecular axis and α⊥ is the
polarizability perpendicular to the molecular axis, the polarizability tensor becomes
α =


α‖ 0 0
0 α⊥ 0
0 0 α⊥


. (A.4)
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The molecular axis may be rotated by an angle θ in the x-y plane making the polarizabiity tensor
α(θ) = RTαR =


α‖ cos
2 θ + α⊥ sin
2 θ 12(α⊥ − α‖) sin 2θ 0
1
2(α⊥ − α‖) sin 2θ α‖ sin
2 θ + α⊥ cos
2 θ 0
0 0 α⊥


. (A.5)
Considering the case where the laser polarization is along the x-axis, the Hamiltonian becomes
H(t) = H0 − ~µ0 · ~ε−
1
2
ε2(t)(α‖ cos
2 θ + α⊥ sin
2 θ) = H0 − ~µ0 · ~ε−
1
2
ε2(t)(α⊥ +∆α cos
2 θ), (A.6)
where ∆α = α‖ − α⊥ is the anisotropic polarizability. We can now write the laser intensity as
ε2(t) = g(t)ε20 cos
2(2piν). (A.7)
For a Gaussian envelope g(t) = et
2/τ2 and assuming that the laser pulse envelope is significantly
longer than the laser period τ  1ν , Equation A.7 becomes
ε2(t) =
1
2
g(t)ε20. (A.8)
The Hamiltonian now becomes
H(t) = BJ2 −
1
4
ε2(t)(α⊥ +∆α cos
2 θ). (A.9)
Defining the quantities
ω‖(t) =
g(t)ε20
4B
α‖ (A.10)
ω⊥(t) =
g(t)ε20
4B
α⊥ (A.11)
∆ω(t) =
g(t)ε20
4B
∆α (A.12)
and substituting into Equation A.9 gives
H(t) = B
(
J2 − ω⊥(t)−∆ω(t) cos
2 θ
)
. (A.13)
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A.2 Solving the time dependent Schro¨dinger equation
With the rigid rotor states as the basis set
ψ(t) =
∑
J
aJ(t)|JM〉, (A.14)
the time dependent Schro¨dinger equation becomes
ih¯
B
∂
∂t
aj(t) = 〈JM |J
2|
∑
J
a′J(t)|J
′M ′〉 − 〈JM |ω⊥|
∑
J
a′J(t)|J
′M ′〉
− 〈JM |∆ω(t) cos2 θ|
∑
J
a′J(t)|J
′M ′〉
= aJ(t)J(J + 1)−
∑
J
∆ω(t)a′J(t)〈JM | cos
2 θ|J ′M ′〉. (A.15)
We rewrite Equation A.15 in matrix form
d
dt
~a(t) = A(t)~a(t), (A.16)
where A(t) = −iBh¯ A
′(t) and
A′(t)=


ν˜0−∆ω(t)〈0M | cos2 θ|0M〉 0 −∆ω(t)〈0M | cos2 θ|2M〉 ...
0 ν˜1−∆ω(t)〈1M | cos2 θ|1M〉 0 ...
−∆ω(t)〈2M | cos2 θ|0M〉 0 ν˜2−∆ω(t)〈2M | cos2 θ|0M〉 ...
...
...
...
...


, (A.17)
where ν˜J = J(J+1). The expectation values 〈JM | cos
2 θ|J ′M ′〉 can be found from the expectation
values of the Legendre polynomials which are given by
〈JM |Pl(cos θ)|J
′M ′〉 = (−1)M
√
(2J + 1)(2J ′ + 1)

 J l J
′
0 0 0



 J l J
′
−M 0 M

 (A.18)
since cosine moments can be written in terms of Legendre polynomials Pl(cos θ). We use the
evolution operator U(t, t0) where ~a(t) = U(t, t0) ·~a(t0),
d
dtU(t, t0) = A(t) ·U(t, t0), and U(t0, t0) = 1.
U(t, t0) can be found from
U(t, t0) = T
n∏
k=1
exp
[ ∫ tk
tk−1
A(t′)dt′
]
, (A.19)
where T is a time-ordering operator. Consequently, the vector ~a(t) can be calculated at discrete
times given an initial vector ~a(t0).
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A.3 Expectation values and the angular distribution
The expectation values most commonly used to describe rotational wavepackets are 〈cos2 θ〉
and 〈sin2(2θ)〉. These both can be expressed in terms of 〈Pl(cos θ)〉. Specifically,
cos2 θ = 23P2(cos θ) +
1
3 (A.20)
and
sin2(2θ) = −3235P4(cos θ) +
8
21P2(cos θ) +
8
15 . (A.21)
The quantity which contains the full information of the rotational wavepacket, however, is the
angular distribution (or alignment distribution). The angular distribution is the wavefunction
squared with the azimuthal angle φ integrated over due to cylindrical symmetry, or
ρ(θ, t) =
∫ 2pi
0
∣∣∣∣
∑
J
aJ(t)YJM (θ, φ)
∣∣∣∣
2
dφ. (A.22)
Note that the eigenfunctions of the rigid rotor are the spherical harmonics YJM . When including
the angular distribution in other calculations, a factor of sin θ must also be included. This arises
from the differential in spherical coordinates.
A.4 Thermal averaging
The calculations of the vector ~a(t) can be done for any initial state ~a(t0). From ~a(t), we can
calculate the expectation values and the angular distribution. Before the exciting laser pulse, the
molecules are in a Boltzmann distribution. Consequently, ~a(t) needs to be calculated for every |JM〉
state present in the initial thermal distribution. The expectation values and angular distributions
for each initial state are then thermally averaged. The thermally averaged expectation value for an
operator is
〈Oˆ〉 =
1
Qrot
∑
Ji=0
wJie
−EJi/kT
Ji∑
Mi=−Ji
〈ψ(t)|Oˆ|ψ(t)〉(Ji,Mi), (A.23)
where the partition function is
Qrot =
∑
Ji
wJi(2Ji + 1)e
−EJi/kT , (A.24)
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and wJi is for weighting of even and odd J states as arises from nuclear spin statistics. This can also
be done for the angular distribution. The C++ code which outputs 〈cos2 θ〉, 〈sin2(2θ)〉, 〈Pl(cos θ)〉,
and ρ(θ, t) is contained in Appendix B.
Appendix B
Computer code to calculate the rotational wavepacket
This C++ code will calculate the expectation values 〈cos2 θ〉, 〈sin2(2θ)〉, and 〈Pl(cos θ)〉
and optionally the angular distribution as described in Appendix A. Whether or not to calculate
the angular distribution is determined by the constant ANG_DIST in the #define section. The
expectation value output file contains four columns: time, 〈cos2 θ〉, 〈sin2(2θ)〉, and 〈Pl(cos θ)〉. The
output angular distribution file is a matrix with rows indexed by time and columns indexed by
angle. Compiling this code requires including the GNU scientific library. Molecular constants are
set for CO2, but can be changed in the #define section. Laser parameters are also controlled
in this section. The Legendre polynomial calculated is determined by the variable l in the main
function. The output file names are determined at the end.
//parameters for CO2 currently entered.
#include <iostream.h>
#include <gsl/gsl_roots.h>
#include <gsl/gsl_sf_coupling.h>
#include <math.h>
#include <gsl/gsl_integration.h>
#include <stdio.h>
#include <gsl/gsl_math.h>
#include <gsl/gsl_eigen.h>
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#include <gsl/gsl_complex.h>
#include <gsl/gsl_complex_math.h>
#include <gsl/gsl_linalg.h>
#include <gsl/gsl_permutation.h>
#include <gsl/gsl_matrix.h>
#include <gsl/gsl_blas.h>
#include <fstream.h>
#include <gsl/gsl_sf_legendre.h>
#define PI 3.14159
#define FWHM 140 //usually 140
#define B .3902 //CO2
#define hbar 5308.83746
#define ROT_PERIOD 47000 //maximum time, not necessarily the rotational period
#define INTENSITY 300
#define deltaALPHA 2.109
#define weven 1 //CO2
#define wodd 0 //CO2
#define K 0.69503563 //Boltzmann’s constant
#define T 70 //temperature
#define JMAX 38 //max J value included in thermal averaging
#define ANG_DIST 0 //enter 1 to calculate angular distribution in addition
to expectation values, 0 for just expectation values
//units in cm-1, fs, and K
//Intensity in units of 1E11 Wcm-2
double nus (int J)
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{
double nu = B*J*(J+1);
return nu;
}
double brackets (int J1, int J2, int M)
//computes the matrix element of cos(theta)^2
{
double W1,W2,delta, result;
W1= gsl_sf_coupling_3j (2*J1,4,2*J2,0,0,0);
W2= gsl_sf_coupling_3j (2*J1,4,2*J2,-2*M,0,2*M);
if (J1==J2)
delta=1;
else
delta=0;
result= pow(-1,-M)*sqrt((2*J1+1)*(2*J2+1))*2.0/3.0*W1*W2+delta/3;
return result;
}
double brackets2 (int J1, int J2, int M)
//computes the matrix element of sin(2theta)^2
{
double W1,W2,W3,W4,delta, result;
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W1= gsl_sf_coupling_3j (2*J1,8,2*J2,0,0,0);
W2= gsl_sf_coupling_3j (2*J1,8,2*J2,-2*M,0,2*M);
W3= gsl_sf_coupling_3j (2*J1,4,2*J2,0,0,0);
W4= gsl_sf_coupling_3j (2*J1,4,2*J2,-2*M,0,2*M);
if (J1==J2)
delta=1;
else
delta=0;
result= pow(-1,-M)*sqrt((2*J1+1)*(2*J2+1))*(-32.0/35.0*W1*W2+8.0/21.0*W3*W4)
+8.0/15.0*delta;
return result;
}
double brackets3 (int J1, int J2, int M, int l)
//computes the matrix element of Pl[cos(theta)]
{
double W1,W2,delta, result;
W1= gsl_sf_coupling_3j (2*J1,2*l,2*J2,0,0,0);
W2= gsl_sf_coupling_3j (2*J1,2*l,2*J2,-2*M,0,2*M);
result= pow(-1,-M)*sqrt((2*J1+1)*(2*J2+1))*W1*W2;
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return result;
}
double Qrot (int N)
{
double sum=0;
for (int i=0; i < (N+1); i=i+2)
{
sum = sum + weven*(2*i+1)*exp(-nus(i)/K/T);
}
for (int i=1; i < (N+1); i=i+2)
{
sum = sum + wodd*(2*i+1)*exp(-nus(i)/K/T);
}
return sum;
}
//Calculating angular distribution
double integrand (double Phi, void * p)
{
gsl_vector_complex * a = (gsl_vector_complex*)p;
int N;
double theta,result;
gsl_complex transfer;
transfer= gsl_vector_complex_get (a, 0);
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N=int(gsl_complex_abs (transfer));
transfer= gsl_vector_complex_get (a, 1);
theta=gsl_complex_abs (transfer);
transfer= gsl_vector_complex_get (a, 2);
int M=int(gsl_complex_abs (transfer));
transfer= gsl_vector_complex_get (a, 3);
int evenJ=int(gsl_complex_abs (transfer));
gsl_complex sum;
sum=gsl_complex_rect(0.0,0.0);
gsl_complex term;
double x,y;
gsl_complex Y,coeff,temp1,temp2;
x=cos(theta);
y=1;
int J;
if (evenJ==1)
{
for (int i=0; i<N; i++)
{
J=2*i;
coeff= gsl_vector_complex_get (a, size_t (i+4));
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if (gsl_complex_abs2(coeff) != 0)
{
Y=gsl_complex_polar (gsl_sf_legendre_sphPlm(J,M,x), M*Phi);
temp1=gsl_complex_mul (coeff, Y);
temp2=gsl_complex_add (sum, temp1);
sum=temp2;
}
}
}
if (evenJ==0)
{
for (int i=0; i<N; i++)
{
J=2*i+1;
coeff= gsl_vector_complex_get (a, size_t (i+4));
if (gsl_complex_abs2(coeff) != 0)
{
Y=gsl_complex_polar (gsl_sf_legendre_sphPlm(J,M,x), M*Phi);
temp1=gsl_complex_mul (coeff, Y);
temp2=gsl_complex_add (sum, temp1);
sum=temp2;
}
}
}
result=gsl_complex_abs2(sum)*y;
return result;
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}
double P (gsl_vector_complex *avector)
{
gsl_function Ang;
Ang.params = avector;
Ang.function = &integrand;
//Integration variables
double result, abs_err;
size_t n_eval; //output of integration function
double eps_abs=0.1; //error limits
double eps_rel=0.01;
gsl_integration_qng(&Ang,0,2*PI,eps_abs,eps_rel,&result,&abs_err,&n_eval);
return result;
}
void P_matrix (gsl_matrix_complex *at, size_t N, int steps, int M,
int thetasteps, int evenJ, gsl_matrix *angular)
{
double range=PI/2;
double deltaTheta=range/thetasteps;
double entry,theta;
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//gsl_matrix *angulars=gsl_matrix_alloc(size_t(steps),size_t(thetasteps+1));
gsl_vector_complex *avector=gsl_vector_complex_alloc(size_t(int(N)+4));
gsl_complex Nc=gsl_complex_rect(double(N),0.0);
gsl_complex Mc=gsl_complex_rect(double(M),0.0);
gsl_complex evenJc=gsl_complex_rect(double(evenJ),0.0);
gsl_complex transfer;
for (int t=0; t<steps; t++)
{
for(int k=0; k<thetasteps+1; k++)
{
theta=deltaTheta*k;
gsl_complex thetac=gsl_complex_rect(theta,0.0);
gsl_vector_complex_set (avector, 0, Nc);
gsl_vector_complex_set (avector, 1, thetac);
gsl_vector_complex_set (avector, 2, Mc);
gsl_vector_complex_set (avector, 3, evenJc);
for (int j=0; j< int(N); j++)
{
transfer= gsl_matrix_complex_get (at, size_t(t), size_t (j));
gsl_vector_complex_set (avector, size_t (j+4), transfer);
}
entry=P(avector);
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gsl_matrix_set(angular,size_t(t),size_t(k),entry);
}
}
}
//Calculating expectation values
void expect (size_t N, int steps, int l, gsl_matrix_complex *at0,
gsl_vector *result1, gsl_vector *result2, gsl_vector *result3,
gsl_vector *result4, int M, int evenJ)
{
double entry1,entry2,entry3,entry4;
double test,testsum;
for (int t=0; t<steps; t++)
{
//Get a coefficients out of at matrices and make a vector
gsl_complex a[int(N)];
for (int i=0; i< int(N); i++)
{
a[i]= gsl_matrix_complex_get(at0,t,i);
//a[2*i+1]= gsl_matrix_complex_get(at1,t,i);
}
//Do double sum
gsl_complex term;
gsl_complex temp,temp2;
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gsl_complex sum1,sum2,sum3;
sum1=gsl_complex_rect (0.0, 0.0);
sum2=gsl_complex_rect (0.0, 0.0);
sum3=gsl_complex_rect (0.0, 0.0);
testsum=0;
double j2=0;
//Normalization
for (int i=0; i< int(N); i++)
{
test= gsl_complex_abs2(a[i]);
testsum=testsum+test;
//J^2
if (evenJ==1)
j2=j2+test*(2*i)*((2*i)+1);
else
j2=j2+test*(2*i+1)*((2*i+1)+1);
}
for (int i=0; i< int(N); i++)
{
for(int j=0; j< int(N); j++)
{
temp= gsl_complex_mul(gsl_complex_conjugate(a[i]),a[j]);
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//cos(theta)^2
if (evenJ==1)
term= gsl_complex_mul_real(temp, brackets(2*i,2*j,M));
else
term= gsl_complex_mul_real(temp, brackets(2*i+1,2*j+1,M));
temp2=sum1;
sum1=gsl_complex_add(temp2,term);
//sin(2theta)^2
if (evenJ==1)
term= gsl_complex_mul_real(temp, brackets2(2*i,2*j,M));
else
term= gsl_complex_mul_real(temp, brackets2(2*i+1,2*j+1,M));
temp2=sum2;
sum2=gsl_complex_add(temp2,term);
//Pl(cos(theta)
if (evenJ==1)
term= gsl_complex_mul_real(temp, brackets3(2*i,2*j,M,l));
else
term= gsl_complex_mul_real(temp, brackets3(2*i+1,2*j+1,M,l));
temp2=sum3;
sum3=gsl_complex_add(temp2,term);
}
}
entry1= gsl_complex_abs(sum1)/testsum;
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//division by testsum is for normalization.
gsl_vector_set (result1, t, entry1);
//set tth element of result equal to the sum
entry2= gsl_complex_abs(sum2)/testsum;
gsl_vector_set (result2, t, entry2);
entry3= gsl_complex_abs(sum3)/testsum;
double phase;
phase=gsl_complex_arg (sum3);
if ((phase<-1.0) || (phase>1.0))
entry3=entry3*-1.0;
gsl_vector_set (result3, t, entry3);
entry4= j2/testsum;
gsl_vector_set (result4, t, entry4);
}
}
//functions and struct for A(t)
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struct A_fcn_params
{
int J1;
int J2;
int M;
};
double A_fcn_on (double t, void * p) //computes elements of A prime
{
struct A_fcn_params * params = (struct A_fcn_params*)p;
int J1 = (params -> J1);
int J2 = (params -> J2);
int M = (params -> M );
double result;
if (J1==J2)
{
double nu;
nu=nus(J1);
result= nu/B-(1*INTENSITY*deltaALPHA/B)*exp(-4*log(2)
* pow(t,2)/pow(FWHM,2))* brackets(J1,J2,M);
}
else
result= -(1*INTENSITY*deltaALPHA/B)*exp(-4*log(2)
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* pow(t,2)/pow(FWHM,2)) * brackets(J1,J2,M);
return result;
}
//Field on function
void laser (size_t N, int evenJ, int nF1, double to, double nL,
gsl_matrix_complex *at, gsl_vector *time, int M)
{
int n;
n= int (N);
//Making initial a vector.
gsl_vector_complex *a0 = gsl_vector_complex_alloc (N);
//A temporary vector for use in the loop
gsl_vector_complex *atemp = gsl_vector_complex_alloc (N);
//Making a matrix of functions
gsl_function A[n][n];
//Writing the matrix A
struct A_fcn_params params[n][n];
for (int i=0; i<n; i++)
{
for (int j=i; j<n; j++)
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{
if ( (i==j) || (i==(j+1)) || (i==(j-1)))
{
if ( evenJ==1)
{
params[i][j].J1=i*2;
params[i][j].J2=j*2;
}
else
{
params[i][j].J1=i*2+1;
params[i][j].J2=j*2+1;
}
params[i][j].M=M;
A[i][j].params = &params[i][j];
A[i][j].function = &A_fcn_on;
}
}
}
//Initialize variables to be used inside the loop
//Integration variables
double result, abs_err;
size_t n_eval; //output of integration function
double c;
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//integration limits, won’t actually be specified outside the loop
double d;
double eps_abs=0.1; //error limits
double eps_rel=0.01;
gsl_matrix * Aint= gsl_matrix_alloc (N, N);
//Eigensystem variables
//declares the location to hold eigenvalues and eigenvectors
gsl_vector *eval = gsl_vector_alloc (N);
gsl_matrix *evec = gsl_matrix_alloc (N, N);
//Making eval a complex matrix variables
double a;
gsl_complex b;
gsl_matrix_complex *evalc = gsl_matrix_complex_alloc (N,N);
//Checking output
double out;
gsl_complex comp;
//Constructing the complex matrix of eigenvectors variables
double real;
gsl_complex z;
gsl_matrix_complex *cevec = gsl_matrix_complex_alloc (N,N);
//Similarity transformation variables
gsl_complex alpha=gsl_complex_rect(1.0,0.0);
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gsl_complex beta=gsl_complex_rect(0.0,0.0);
gsl_matrix_complex *DP = gsl_matrix_complex_alloc (N,N);
gsl_matrix_complex *PDP = gsl_matrix_complex_alloc (N,N);
//Making the actual propagator and initializing Uo
gsl_matrix_complex *Uo = gsl_matrix_complex_alloc (N,N);
gsl_matrix_complex *Uonew = gsl_matrix_complex_alloc (N,N);
gsl_matrix_complex_set_zero(Uo);
gsl_complex one=alpha;
for (int p = 0; p < int(N); p++)
{
gsl_matrix_complex_set(Uo,p,p,one);
}
gsl_matrix_complex_get_row (a0, at, size_t (nF1));
//Makes a0 for this section
double deltatL = -2*to/nL;
for(int r=0; r<nL; r++)
{
//Integration of A to get matrix of doubles Aint
c = to + deltatL*r;
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d = to + deltatL*(r+1);
gsl_vector_set(time, size_t (nF1+r+1),d);
for(int k=0; k<n; k++)
{
for (int l=k; l<n; l++)
{
if ( (l==k) || (l==(k+1)) || (l==(k-1)))
{
gsl_integration_qng(&A[k][l],c,d,eps_abs,eps_rel,&result,&abs_err,&n_eval);
gsl_matrix_set (Aint, k, l, result);
gsl_matrix_set (Aint, l, k, result);
}
else
{
gsl_matrix_set(Aint, k, l, 0);
gsl_matrix_set(Aint, l, k, 0);
}
}
}
//Begin matrices section
gsl_eigen_symmv_workspace * w =
gsl_eigen_symmv_alloc (N);
//makes the workspace w for a 4x4 matrix
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gsl_eigen_symmv (Aint, eval, evec, w); //finds eigen
gsl_eigen_symmv_free (w); //frees the workspace
//Exponentiate vector eval
gsl_matrix_complex_set_zero(evalc);
for (int i=0; i<N; i++)
{
a= -B/hbar*gsl_vector_get(eval,i);
b= gsl_complex_polar(1.0,a);
gsl_matrix_complex_set(evalc,i,i,b);
}
for (int p = 0; p < N; p++)
{
for (int q=0; q<N; q++)
{
real = gsl_matrix_get (evec, p,q);
z=gsl_complex_rect(real,0.0);
gsl_matrix_complex_set (cevec, p, q, z);
}
}
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//Multiply evec * D(=evalc) * inverted evec to get matrix Ui
gsl_blas_zgemm(CblasNoTrans,CblasTrans,alpha,evalc,cevec,beta,DP);
gsl_blas_zgemm(CblasNoTrans,CblasNoTrans,alpha,cevec,DP,beta,PDP);
//Multiply Ui*Uo to get new Uo
gsl_blas_zgemm(CblasNoTrans,CblasNoTrans,alpha,PDP,Uo,beta,Uonew);
gsl_matrix_complex_memcpy (Uo, Uonew);
//Find a(ti) Matrix Uo times vector a0 gets vector atemp.
//This is complex
gsl_blas_zgemv (CblasNoTrans, alpha, Uo, a0, beta, atemp);
gsl_matrix_complex_set_row (at, size_t (nF1+r+1), atemp);
}
//end of field on function
}
//Field free function
void free (size_t N, int evenJ, int lastrow, double to, double tf,
double nF, gsl_matrix_complex *at, gsl_vector_complex *a0,
gsl_vector *time)
{
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double a;
gsl_complex b;
double deltatF;
gsl_complex alpha=gsl_complex_rect(1.0,0.0);
gsl_complex beta=gsl_complex_rect(0.0,0.0);
//A temporary vector for use in the loop
gsl_vector_complex *atemp = gsl_vector_complex_alloc (N);
deltatF= (tf-to)/nF;
double nu;
//Initialize field free evolution operator
gsl_matrix_complex *Uf = gsl_matrix_complex_alloc (N,N);
for (int r=0; r<nF; r++)
{
gsl_matrix_complex_set_zero(Uf);
gsl_vector_set(time,size_t (r+lastrow+1),((r+1)*deltatF+to));
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for (int i=0; i<N; i++)
{
if (evenJ == 1)
nu=nus(2*i);
else
nu=nus(2*i+1);
a= -1/hbar*nu*((r+1)*deltatF); //change r to r+1
b= gsl_complex_polar(1.0,a);
gsl_matrix_complex_set(Uf,i,i,b);
}
//Find a(ti) Matrix Uf times vector a0 gets vector atemp. This is complex
gsl_blas_zgemv (CblasNoTrans, alpha, Uf, a0, beta, atemp);
gsl_matrix_complex_set_row (at, size_t (r+lastrow+1), atemp);
}
} //end of field free function
main()
{
size_t N=40;
gsl_complex alpha=gsl_complex_rect(1.0,0.0);
gsl_complex beta=gsl_complex_rect(0.0,0.0);
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int evenJ;
//int M=0;
//Time variables
//Part I
double to= -3*FWHM;
double tf= -3*FWHM;
double nF1= 0;
//Part II
double nL=1000.0;
//Part III
double To= ROT_PERIOD;
double nF2= 2400.0;
int steps = int(nF1+nL+1+nF2);
//To hold the thermally averaged expectation values
gsl_vector *cos=gsl_vector_alloc (size_t(steps));
gsl_vector *sin=gsl_vector_alloc (size_t(steps));
gsl_vector *Pcos=gsl_vector_alloc (size_t(steps));
gsl_vector *Jsq=gsl_vector_alloc (size_t(steps));
gsl_vector_set_zero(cos);
gsl_vector_set_zero(sin);
gsl_vector_set_zero(Pcos);
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gsl_vector_set_zero(Jsq);
//Setting up for thermal averaging
int oddJMAX, maxJodd, maxJeven;
oddJMAX = JMAX % 2; //will be 1 if JMAX is odd, 0 if even
if (oddJMAX == 1)
{
maxJodd=JMAX;
maxJeven=JMAX-1;
}
else
{
maxJeven=JMAX;
maxJodd=JMAX-1;
}
double scale;
//Initialize variables outside of loop where possible
//Making initial a vector.
gsl_vector_complex *ao = gsl_vector_complex_alloc (N); //even J
gsl_vector_complex *ao1 = gsl_vector_complex_alloc (N); //odd J
//Making matrix a(t) for even J
gsl_matrix_complex *at = gsl_matrix_complex_alloc (size_t (nF1+nL+1+nF2),N);
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//Making matrix a(t) for odd J
gsl_matrix_complex *at1 = gsl_matrix_complex_alloc (size_t (nF1+nL+1+nF2),N);
//Make a time vector
gsl_vector *time = gsl_vector_alloc (size_t (nF1+nL+1+nF2));
//Expectation values
gsl_vector *result1=gsl_vector_alloc (size_t(steps));
gsl_vector *result2=gsl_vector_alloc (size_t(steps));
gsl_vector *result3=gsl_vector_alloc (size_t(steps));
gsl_vector *result4=gsl_vector_alloc (size_t(steps));
//Angular distribution
int thetasteps=20;
gsl_matrix *angular=gsl_matrix_alloc(size_t(steps),size_t(thetasteps+1));
//To hold thermally averaged angular distribution
gsl_matrix *angularAvg=gsl_matrix_alloc(size_t(steps),size_t(thetasteps+1));
gsl_vector_set(time,0,to);
double Qr=Qrot(JMAX);
int J;
int l=6;
gsl_matrix_complex_set_zero(at1);
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//Even J loop first
if (weven != 0)
{
for (int k=0; (2*k) < (maxJeven+1); k++)
{
gsl_vector_complex_set_zero(ao);
J=2*k;
cout<<"J "<<J<<endl;
//Initializing a0 for even J
for (int i=0; i<int(N); i++)
{
if(i==k)
gsl_vector_complex_set (ao, size_t(i), alpha);
else
gsl_vector_complex_set (ao, size_t(i), beta);
}
gsl_matrix_complex_set_zero(at);
//Assign first row to be a0 even
gsl_matrix_complex_set_row (at, 0, ao);
evenJ=1;
for (int M = 0; M < (J+1); M++)
{
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cout<<"M "<<M<<endl;
free(N,evenJ,0,to,tf,nF1,at,ao,time);
laser(N,evenJ,int (nF1),tf,nL,at,time,M);
//set ao for this function
gsl_matrix_complex_get_row (ao, at, size_t (nF1+nL));
//Makes a0 for this section
free(N,evenJ,int(nF1+nL),-tf,To,nF2,at,ao,time);
//expectation value
expect (N,steps,l,at, result1,result2,result3,result4,M,evenJ);
//angular distribution
if (ANG_DIST == 1)
P_matrix (at, N, steps, M, thetasteps, evenJ, angular);
if (M == 0)
scale=weven*exp(-nus(J)/K/T);
else
scale=2*weven*exp(-nus(J)/K/T);
gsl_vector_scale (result1, scale);
gsl_vector_scale (result2, scale);
gsl_vector_scale (result3, scale);
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gsl_vector_scale (result4, scale);
gsl_matrix_scale (angular, scale);
gsl_vector_add(cos,result1);
gsl_vector_add(sin,result2);
gsl_vector_add(Pcos,result3);
gsl_vector_add(Jsq,result4);
gsl_matrix_add(angularAvg, angular);
}
}
}
//end even J loop
gsl_matrix_complex_set_zero(at);
//Odd J loop second
if (wodd != 0)
{
for (int k=0; (2*k+1) < (maxJodd+1); k++)
{
J=2*k+1;
cout<<"J "<<J<<endl;
gsl_vector_complex_set_zero(ao1);
//Initializing a0 for odd J
for (int i=0; i<int(N); i++)
{
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if(i==k)
gsl_vector_complex_set (ao1, size_t(i), alpha);
else
gsl_vector_complex_set (ao1, size_t(i), beta);
}
gsl_matrix_complex_set_zero(at1);
//Assign first row to be a0 odd
gsl_matrix_complex_set_row (at1, 0, ao1);
evenJ=0;
for (int M = 0; M < (J+1); M++)
{
cout<<"M "<<M<<endl;
free(N,evenJ,0,to,tf,nF1,at1,ao1,time);
laser(N,evenJ,int (nF1),tf,nL,at1,time,M);
//set ao for this function
gsl_matrix_complex_get_row (ao1, at1, size_t (nF1+nL));
//Makes a0 for this section
free(N,evenJ,int(nF1+nL),-tf,To,nF2,at1,ao1,time);
//expectation value
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expect (N,steps,l,at1, result1,result2,result3,result4,M,evenJ);
//angular distribution
if (ANG_DIST == 1)
P_matrix (at1, N, steps, M, thetasteps, evenJ, angular);
if (M != 0)
scale=2*wodd*exp(-nus(J)/K/T);
else
scale=wodd*exp(-nus(J)/K/T);
gsl_vector_scale (result1, scale);
gsl_vector_scale (result2, scale);
gsl_vector_scale (result3, scale);
gsl_vector_scale (result4, scale);
gsl_matrix_scale (angular, scale);
gsl_vector_add(cos,result1);
gsl_vector_add(sin,result2);
gsl_vector_add(Pcos,result3);
gsl_vector_add(Jsq,result4);
gsl_matrix_add(angularAvg, angular);
}
}
}
//end odd J loop
scale = 1/Qr;
gsl_vector_scale (cos, scale);
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gsl_vector_scale (sin, scale);
gsl_vector_scale (Pcos, scale);
gsl_vector_scale (Jsq, scale);
gsl_matrix_scale (angularAvg, scale);
ofstream myfile1;
myfile1.open ("exp_values.txt");
double fromvect;
for (int m=0; m<steps; m++)
{
fromvect= gsl_vector_get (time, size_t(m));
myfile1 << fromvect << " ";
fromvect= gsl_vector_get (cos, size_t(m));
myfile1 << fromvect << " ";
fromvect= gsl_vector_get (sin, size_t(m));
myfile1 << fromvect << " ";
fromvect= gsl_vector_get (Pcos, size_t(m));
myfile1 << fromvect << " ";
fromvect= gsl_vector_get (Jsq, size_t(m));
myfile1 << fromvect << " ";
myfile1 <<endl;
}
myfile1.close();
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if (ANG_DIST == 1)
{
ofstream myfile2;
myfile2.open ("ang_dist.txt");
double fromtime, fromAngular;
myfile2 << "--" << " ";
for (int n=0; n<(thetasteps+1); n++)
myfile2 << 90.0/thetasteps*n << " ";
myfile2 << endl;
for (int m=0; m<steps; m++)
{
fromtime= gsl_vector_get (time, size_t(m));
myfile2 << fromtime << " ";
for (int n=0; n<(thetasteps+1); n++)
{
fromAngular= gsl_matrix_get (angularAvg,m,n);
myfile2 << fromAngular << " ";
}
myfile2 <<endl;
}
myfile2.close();
}
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return 0;
}
